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Moments  of  the  Percus-Yevick 
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A  n'mple  recur^i^c  rehUon  i»  demed  for  the  momentr  .V«,  n*  i,  2...  of  the 
Percus-Ycviek  correlation  function  A(f)  for  identical  hard  spheres.  The  M,  are 
rational  functions  of  the  \oIume  fraction  h  occupied  by  the  spheres;  the  first  ten 
are  gisen  explicitly,  and  a  singlC'tetm  asymptotic  form  is  obtained  to  suflice  for 
the  rest.  Applications  of  the  3/,(h-)  include  testing  different  approximations  for 
A  by  numerical  integration  of  A(r)r*.  We  compare  exact  moments  vmh  shell 
approximations  j  corresponding  to  integration  from  r  ■  0  to  a  -f  1  for 
r"J*S,  and  with  hybrid  approximations  Af4Ch*+^*)  which  supplement  the 
shell  approximations  with  integrals  of  an  asymptotic  tail  from  S'f  1  to  oo.  For 
a  gixen  a.  the  hvbrid  approximation  is  better  for  w  increasing  than  the  shell 
approximation,  and  A/»(a*+A*]  is  even  better  than  Af«(h*J. 


KEY  WORDS:  P<rcus«Yevick  correlation  function,  moments,  shell  expan> 
sions;  asymptotic  forms,  residue  series;  hybrid  approximations. 


1.  INTRODUCTION 

The  solution  of  the  Pcrcus-Yevick  (PY)  equation***  for  the  radial  distribu* 
tion  function  g(r)  of  a  classical  fluid  of  identical  hard  spheres  was  obta  w^d 
by  Wertheim*^*  and  by  Thiele*’*  in  terms  of  the  Laplace  transKirm 
J!flrg(r)}saO(/).  Here  r  is  the  distance  from  the  center  of  one  sphere 
divided  by  the  sphere  diameter  </,  so  that  5(r)  =  0  for  r<l  and 
^(r)Bg(u';r)  depends  on  only  one  parameter;  the  volume  frdt  ton 
occupied  by  the  spheres,  with  p  the  number  density.  Piecc\Mxc 

analytic  expressions  for  g(r)  at  given  r  in  thy  shells  s<r<s+l  kr 
5=1,2,...,  can  be  obtained*’*  by  expanding  the  inverse  transform 
.^  ~‘{<7(f)J  in  a  geometrical  progression  and  summing  the  residues  of  the 
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terms  {g„)  from  m  =  I  to  s.  The  exact  results  in  the  range  0^/-<s+  I  will 
be  indicated  by  g’. 

Wertheim  gave  tbc  closed  from  for  gi,  and  analogs  through  gj  and 
tabulated  values  arc  available**'**  for  r^6.  Such  shell  expansions  have 
relatively  broad  applicability,  but  we  found  them  unsuitable  except  for 
small  u'  for  numerical  investigations  of  integral  equations'”  for  multiple 
scattering  by  correlated  random  distributions  of  spherical  resonators.  We 
extended  the  shell  development  to  g*,  considered  the  residue  scries  for  the 
complete*”  :S!’“'{G}  (which  exhibits  a  Gibbs-like  effect  near  r=l,  but 
whose  leading  term  g*  for  moderately  large  r  approximates  g’),  as  well  as 
a  hybrid  approximation  (g*)  based  on  g’  for  I  and  g"  for  r>s  +  I. 
Although  these  extensions  suffice  for  larger  u-  than  g*,  the  most  stable  com¬ 
putational  routines  we  developed  for  even  moderately  large  »•  were  based 
on  the  moments  Af,  of  the  total  correlation  function  A  ag  - 1.  The  present 
paper  deals  primarily  with  the  moments  and  their  applications  to  test  shell 
(A*)  and  hybrid  (A*)  forms  of  A  by  numerical  integration. 

The  moments 

=  f  <lr  h(w,  r)  r"  =  A = g  -  1  ( 1 ) 

arc  simple  rational  functions  of  «■.  The  first  three  are  available  in  the 
literature,***-”  and  we  may  reconstruct  these  and  obtain  additional 
moments  by  symbolic  computer  differentiation  of  y{rA(r))  ■= //(r). 
However,  it  is  much  more  convenient  to  work  with  a  recursive  relation  for 
the  Af,  based  on  Baxter’s  equation*"**  for  the  PY  A. 

Section  2  provides  a  form  of  H(t)  suitttblc  for  symbolic  differentiation, 
and  then  derives  the  recursive  relation  for  the  A/,.  The  first  ten  moments 
Af„(ii’)  arc  displayed  in  Fig.  I  and  listed  in  the  Appendix.  Section  3  derives 
an  asymptotic  series  A/,  ~  Z.  A/;  for  large  n  based  on  the  residues  at  the 
roots  r,(H’)  of  the  denominator*”  of  //(r).  Figure  2  graphs  the  first  five 
roots,  and  Table  I  provides  numerical  values  for  the  dominant  root  r,(H') 
(and  for  basic  magnitude  (/,  and  phase  u,  functions);  a  one-term 
approximation  Mi  suffices  for  /i>6  and  lOO.OI.  Section  4  considers  shell 
expansions  g’=A'-Fl  and  compares  exact  A/,(h-)  with  shell  approxima¬ 
tions  A/,[A‘]  based  on  numerical  integration  of  A’r"  from  r =0  to  s-F  1  for 
s=3-8.  Figure  3  displays  g(H';r)  to  r=9  and  n'=06.  and  Fig.  4  compares 
A/j[A’]  and  A/«[A']  with  the  exact  moments.  Section  5  considers  the  con¬ 
vergent  residue  for  A(r)  =  2,  A*’*.  Figure  5  compares  exact  shall  results  with 
residue  sequences  for  n-saO  2  and  06  to  show  the  Gtbbs-like  effect  near  the 
discontinuity  at  r  =  I.  Figure  6  shows  that  the  leading  residue  term  A'** = A“ 
(which  follows  directly  from  Table  1)  suffices  for  r>5  even  for  h-  =  0.6. 
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Figure4  also  shows  that  the  hybrid 

approximation  is  much  better  than  the  shell  approximation  for  a  given  i, 
and  that  +  A']  is  even  better  than  the  hybrid  curves  for  A/j 

included  in  Fig.  4  practically  overlay  the  exact  results. 

2.  MOMENTS  OF  THE  CORRELATION  FUNCTION 

The  exact  leading  terms  of  It  for  small  iv  equal*"’ 

/i=-l,  0<r<l 

(2) 

/i=.H(8-6r  +  rV2)  +  (!l(iiA),  Ur  <2 


which  also  follow  from  the  PY  equation.*"  Substituting  in  (I),  we  obtain 


1  .2-’-’3-(5iri  + 39114- 82) 

n-i-r  2(H4-l)(«4-2)(n4-4) 


4-  tPfiv') 


(3) 


The  exact  iv’  contribution  to  It  is  also  known*"*  in  terms  of  elementary 
functions,  and  the  PY  approximation  can  be  idenuned  directly  by  com¬ 
parison  of  forms  in  refs.  12  and  I.  Although  such  expansions  of  It  suffice  for 
small  IV,  (3)  indicates  that  corresponding  expansions  of  M,  arc  restricted  to 
smaller  iv  as  ;i  increases.  In  the  following  we  consider  closed  forms  of 
A/,(iv)  for  the  PY  h  without  restrictions  on  >v  orn. 

The  generating  function  of  the  moments  is  if{r/i(r)}  a//(r): 


//(()=  f“rfrf/i(r)e"=  f  f*  rfr/i(r)r"*' 
!<,  1.1  la 


(-1)'-' 

(n-D! 


A/, 


-11(1) 


i 

V 


i 


(4) 

(5) 


I 


I 


From  Wertheim,*"  we  write  i?{fg}  =  G  in  the  form  — — 

C(r)  =  ii(i)/0(r),  D(r)=l2ivt(r)4-S{r)o'.  (6)  iP^ 

where 

5(/)  =  (l  +  —  u*) —  12tv(l  -iv) 

i(/)=»(l*fH/2)/  +  I+2u‘ 

Thus 

//(r)=G(r)-r-»=;i(r)/D(r)-r-*  (7) 

d/or 
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and  (5)  may  be  performed  by  machme'*^^  operations  on  the  equivalent 
form 

u„.  mm(t)-i2wBdm~n+xr/2f 

' ’■■[1  +  12)W£',(/)]/.(i)-/(I+2..')(I  +  >>'/2) 

where 

=  (-r)yv!j 

The  Fourier  transform  representation  of  the  structure  factor 
F(K)  =  1  +  (6ii'/)t)  I  dr  h(r)  cxpffK  •  r) 

=  I  +  (24u/A')  I  (frr/i(r)sin(A'r)  (9) 

generates  the  even  moments 

W)«.|+24u'  I  ti^,Wj,»I+24.v,W,-24.f^+...  (10) 

Since  F(K)  a  ffiv;  A')  must  vanish  for  the  unrealizable  bound  «’  •=  I  (corre¬ 
sponding  to  zero  nuetuation  scattering  for  a  uniform  medium),  we  require 
A/j(l)“  -1/24  and  iU],(l)ioOforn>2.  The  PY  f  is  also  known  inclosed 
form"‘’i  in  particular, 

f(»-;  0)  =  »  !  +  24.v,\/,(.f)  (II) 

vanishes  at  ii  =  I.  Equation  (11),  which  also  follows*'*’  directly  from  the 
scaled  particle”*’  equation  of  state,  gives  d/jfii’)  in  closed  form”’  by 
inspection.  The  remaining  PY  d/j,  are  found  to  have  f(ir;0)  as  a  factor. 

A  simpler  representation  of  the  M,  follows  from  Baxter's  equation"'” 

fA(r)«= -(;'(r)+ I2iv  f  </r  (r -r)/i(|r-(|)q(r)  (12) 

-0 

where 

^(f )( 1  -  ii')*  =  ( 1  +  2if)(r*  -  I )  -  (3>i/2)(r- 1 ) 
with  <;(f)  =  0  for  r?  1,  and  q\r)  —  dqldr.  Operating  on  rh  with  drr'  ’, 
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changing  the  order  of  r  and  r  integrations,  and  using  A(|r-rl)=  -1  for 
r<l,  yields 

drq'(r)r"~^ 

Integrating  over  J=r-(  to  obtain 


"""-i 


-[2ii  +  (n-3)u'] 
2«(h+1) 

-[4  +  2i)H-(«i-  l)ii’] 
2(m+  1)(/h  +  2)(«i  +  3) 


0,0/1,+ 12h' 


fl,,,  («’  +  9>i  +  26)[3»— «(2  +  «•)]  - 12(2  +  »f 


2(n  +  !)(«  +  2)(«  +  3)(n  +  4) 


Thus  (13)  reduces  to 


3/,(l-ii')’  =  C,+  12«'  e' 

n.OV  / 

and  shifting  the  in  =  0  term  12H'B(,3f,  “  -»(4  -  »■)  4f,  to  the  left  side  gives 


3f,(l+2u)  =  C,+  12.c 


iuch  that  .U|  aC|/(l  +2ir),  Af2=»(C2  +  l2w’^iA/|)/(l  +2u’)>  cic. 

It  is  dear  from  (16)  and  (3)  that  all  moments  have  the  form 

f.,(..;Af)=.+E4.(-u.)-  (.7) 

where  the  polynomial  /<;,  of  order  N  is  given  by 

n-i-l 


i 
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with  d„=  — (/!+ l)C,(l  +  2ii')"~‘,  and  i„=  — 12iv5„() +2b)"~’.  All  c„, 
and  except  b,  (which  is  proportional  to  w),  are  of  order  «  +  1  in  ir;  the 
order  of  /i,  (in  general  that  of  2)  is  At=(3n+ 1)/2  for  n  odd,  and 
N=3i>/2  for  n  even. 

The  Appendix  lists  the  first  ten  moments  (generated  by  machine*”’), 
and  Fig.  1  provides  a  three-dimensional  display  to  delineate  trends.  For 
0  <  iv  <  1,  the  number  of  extrema  (and  zeros)  is  given  by  A’-n  -  2  >  0,  so 
that  successive  pairs  from  Afj,  A/«,  to  A/,,,  start  with  one  extremum 
and  end  with  eight  extrema,  etc. 

3.  ASYMPTOTIC  FORM  OF  M„ 

Since  the  recursive  relation  for  Af„  involves  sequential  determination 
of  preceding  moments,  we  derive  an  asymptotic  series  for  large  «  by 
working  with  the  residues  at  the  complex  roots  (r„/*)  of  fl(r)  in  (6). 


Fig,  t  Tlireeatimensional  display  te  delineate  wends  of  the  /iwl  ten  moments  .1/,(iv)  of  the 
hard-sphere  pv A  s&  sorome  fraction  h.  The  values  of  -.'f,(0)  are  ft  +/r>"  ‘  The  values  of 
-  A/dt  I  for  n  a>  1, 2, 3  are  3/20,  1/24, 3/350,  the  remaining  even  moments  vanish,  and  the  odd 
are  smalt  and  atlernaie  in  sign 
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As  indicated  by  Wertheim/^*  +  +  such  that  as 

«  =  0,  and  ^/2  =  tan(P/2).  Backtracking  the  branches  numerically 
yields  curves  versus  iv  in  Fig.  2  that  show  |r,.nl  >  Itvi  for  the  corresponding 
simple  poles  for  all  iv. 

Thus,  for  large  n,  from 

=  (19) 

for  a  contour  around  0  of  radius  greatci  than  any  1;,(m')I  of  interest,  we 
obtain*”’ 

W,  ~  ( - 1 )"  («  -  1 )!  2  Re  £  ir*'l.JD',  s  Y  ^1’.  (20) 

where 


O;  =  lim  ^  =  l2uZ,', + (5,  +  S;)  e'- 
* « at 


2.  First  fix  roots  /,=  vs*  h’^OOOL  Top  panel  shows  a,,  and  bottom  panel 

shows  (solid  cuf%esi  and  |(,|  (dashed  cur\cs).  the  lowest  curves  correspond  to  v»  I  and 
the  highest  to  v  The  talues  at  h  « 10”*  are.  *,»  17109,  17.396,  17.777,  18 149,  18.484, 
^.«3.537,  10.483,  17.218. 2X803.  3a296. 
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with  5=  S{t^),  etc.  We  write 

A/;  =  ( - 1)-  (n- 1 )!  |/,~-|  (/,  cos(«,  +  «r,)  (21 ) 

with  and  T,  =  tan''‘(^,/(^,).  For  «>6,  the  curves  of 

A/^(]v)  and  A/„(»v)  arc  indistinguishable  for  0.01  I  on  the  scale  of 
Fig,  1;  we  may  use  M\  for  w^lO  and  u’>10”^  and  for  n^l$  and 
Except  for  «  =  !,  we  can  obtain  better  accord  for  small  u*  by 


Table  I.  Data*  versus  w  for  Oominant  Root  «  »a  -f /p  *  |f{  e"^* 
and  for2f,£,/D;-(/e'*' 


w 

a 

n 

M 

f 

U 

u 

aoool 

11.84249 

3.72491 

1241449 

030474 

242530 

-025294 

00010 

9.10273 

3.90913 

9.90661 

0.40363 

20016 

-031918 

aoioo 

6.24844 

425717 

7.56085 

059808 

13803 

-043333 

00200 

333353 

4  42760 

6.94878 

069083 

72.74? 

-048600 

00300 

4  82227 

4  35123 

663083 

0.73649 

46067 

-a32353 

O(W00 

4.43734 

465285 

642968 

08090S 

33261 

-0.33417 

00300 

4.13469 

4.74131 

629092 

085364 

25811 

-a380?8 

00600 

388386 

4  82036 

6.19073 

089263 

20968 

-0  60474 

00700 

Him 

4  89396 

611660 

09274$ 

17.381 

-062681 

oosoo 

348070 

4.96214 

606120 

093910 

I30S8 

-0  64747 

00900 

5.31259 

302646 

601985 

098810 

13.181 

-066706 

OlOOO 

3.1M50 

308765 

598941 

101493 

11.678 

-0  68379 

01230 

283234 

323028 

5.94794 

107448 

90321 

-07298S 

01300 

253722 

3  36226 

5.94081 

1.12581 

7.3201 

-077130 

01730 

231893 

5.48696 

393685 

117094 

61290 

-081100 

02000 

210781 

560652 

59S966 

1.21119 

32373 

-0.84961 

02500 

1.74428 

383381 

609091 

1.28036 

40770 

-0.92497 

03000 

1.43679 

6l03802 

622607 

U3793 

33263 

-099929 

03300 

1.17010 

6  27791 

638602 

1.38653 

28173 

-107338 

04000 

093590 

6.49865 

636370 

142776 

2.45S6 

-1.14738 

04300 

072980 

6.72232 

676182 

146266 

2.2010 

-1.22080 

03000 

054986 

6.93002 

697174 

1.49184 

2.0159 

-1.29245 

05300 

039577 

7.1SIS0 

7.19270 

UI375 

1.8852 

-U6043 

06000 

026817 

741634 

742119 

1.53465 

1.7967 

-142215 

06300 

016787 

7  65077 

7.63261 

IA48$6 

1.7403 

-147463 

07000 

009470 

7.88068 

7.88125 

1 33878 

1.7062 

-lil534 

07300 

0(M656 

8 10097 

8.10111 

IJ6305 

1.6848 

-1.M326 

OSOOO 

001898 

8.30727 

8,30729 

I.36S5I 

16673 

-li5959 

08300 

000585 

8.49741 

849741 

UTOll 

16479 

-li6738 

0.9000 

OOOIM 

8  67203 

867203 

IA7067 

16247 

-1.57016 

0.9300 

000007 

8.83390 

883390 

157079 

1.5987 

-1.57076 

10000 

0.00000 

8.98682 

8.98682 

IA70S0 

1.5720 

-1.57080 

*The  >alurs  specify  !h«  momcnls  for  targe /rand  the  comtatsoa  function  for  larger. 
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retaining  additional  terms  in  v;  however,  since  the  exact  known, 

we  consider  only  Supressing  the  subscript  v=  t,  we  have 

.W,~A/^aA/;  =  (-l)''(n-l)!|/-"l  (;cos(k+«i)  (22) 

Tabic  I  lists  11'  and  values  for  i,^t=  -a  +  ifi ^ ftl e"",  and  for  the  corre¬ 
sponding  y(ii')  and  w(U’).  This  table  is  also  appropriate  for  a  following 
development  of  ft. 


4.  SHELL  EXPANSIONS  OF  g 

As  discussed  by  Wettheim,^*  g(r)  can  be  obtained  in  closed  form 
for  given  r  from  £”‘{0}  by  expanding  <7  of  (6)  in  powers  of  and 
evaluating  the  residues  at  the  toots  (ro°'l>ol>  t|.  of  S(r).  Thus, 

for  1, 


«('■!“ I  g'W- 1  ««(<•)  for  <■<•5+ I  (23) 

I  I 

such  that  g»,(r)oO  for  r<m,  and  for  r^w, 


where  g„(in) »  0  for  «i  >  I.  The  results  may  be  expressed  as 


'SJr)<=  1  Q(m,0)c"'''-'  £  C,(m,.ft)(r-m)‘- 
>•0  x.i 


(25) 


Wertheim’^’  gives  forms  of  the  coefllcicnts  for  m=  I,  and  forms  for  m^5 
are  given  by  Smith  and  Henderson,**'”  who  include  numerical  comparisons 
of  shell  integrations  and  A/j  for  several  values  of  iv;  numerical  tables  for 
g(ii':  r)  are  given  in  ref.  6. 

Corresponding  forms  for  the  C,  for  nnSS  (obtained  by  machine  com¬ 
putations*'*’)  are  implicit  in  Fig. 3.  which  displays  g(M':r)  to  ro9  and 
iv=0.6.  The  first  minimum  of  g  equals  zero  at  iv«  0.61257  biv,  (for 
rx  1.3094),  and  g  is  negative*”  and  physically  unrealistic  at  slightly  larger 
H'.  [The  measured*'*'  values  of  ii-  for  loose  and  dense  random  close  paeking 
of  ball  beatings  (060  ±  002  and  0  63  ±001)  bracket  ii'o  ] 

The  correlation  function  for  r  m  one  of  the  first  s  shells  is  given  by 


ft’(r)= -l-Fg'(r)= -1+  j  gj,r),  l<r<s-H 


(26) 
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Pij.  J,  Plot  of  PYjfh^/)  forO<H<06  and  l<r<9.  At  rwt,  the  curve  of  |:(hcI)  is  the 
PY  closed  form  (I +  h/2V(l -«■)*. 


We  obtain  a-shell  approximations  for  the  moments  by  numerical  integra¬ 
tion, 


A/.[A’]af’*‘rfr/i'(r)r-  (27) 

'0 

and  compare  with  the  exact  M,  to  obtain  ranges  of  validtty  0  ^  ir  <  k'(x,  n). 
For  given  «,  ivfr,  n)  increases  moderately  with  increasing  i;  for  given  s, 
h(s,  n)  decreases  markedly  with  increasing  n.  The  essentials  are  indteated 
by  the  dashed  curves  s  =  3-8  in  Fig.  4  for  A/aCA’]  and  AfeCA*].  (The  dotted 
curves  will  be  discussed  subsequently.) 

5.  RESIDUE  SERIES  FOR  ff 

Wertheim'*’  also  constdered  the  poles  of  £’'‘{G)  at  the  roots  of  /)(r) 
and  indicated  that  the  behavior  of  A(r)  for  large  r  would  be  determined  by 
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Fig,  4  The  dashed  curses  that  depatt  from  the  exact  solid  curses  Afjfis')  and  -tf^tss)  at 
incteasing  values  of  is-  correspond  to  increasing  the  number  of  shell  terms  (from  a«  3  to  8)  in 
the  approximate  .tf.[A']  of  (27),  The  dotted  curses  that  depatt  at  larger  values  of  n  ate  based 
on  the  hybrid  approximation  as  in  (31),  The  hybnd  ,tf*[h’  +  A*)  is  esen  better 

than  .tfst**)  The  hybrid  ,tf](h*4-A*3  curses  practically  oserlay  the  exact  Mi. 

the  pair  of  complex  roots  closest  to  the  imaginary  axis.  For  r>  1,  and 
symbols  as  for  (20)  and  (21), 

r/i(r)  =  2Re  f  +  (28) 

S-l  S  V 

will!  roots  f,  =  -x.  +  ifi,  as  in  Fig,  2.  This  residue  series  is  rapidly  con¬ 
vergent  except  in  the  neighborhood  of  r  =  I  (the  single  discontinuity  of  A) 
where  successive  sequences  exhibit  a  Gibbs-like  effeet.  For  any  finite  num¬ 
ber  (v')  of  terms,  the  peak  of  g  occurs  for  r>  f;  as  v'  increases  (a  larger  v’ 
is  required  for  larger »'),  the  peak  approaches  r  =  )  and  its  magnitude  over- 
shoots  the  P  Y  g(  1 )  =  ( 1  ■(■  it/2)/(  1  -  IS')*,  Figure  5  for  It'  =  0.2  and  0,6  shows 
the  essentials  for  v'  =  (l,5, 10, 100);  the  overshoot  at  riu  1.005  for  v'  =  100 
is  about  9%  for  the  smaller  sv  and  9.4%  for  the  larger. 

For  large  r  and  ir  <  1,  we  need  retain  only  the  least  damped  exponen¬ 
tial  term 

r/i(r) »  2  Re(/,  f,,e''‘//)‘,)  =  f/e  cos(Pr  +  n)  =  r/i" ' s  r/i“(r)  (29) 
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Fij.  5-  Compariwn  of  the  exact  i(r)  (solid  cones)  for  h‘»(Il2  and  a  »0i6  with  v'.term 
residue  sequenoe  approximations  (dashed  or  dotted  cones)  of  (2S)  for  y'*a(l.5.  KXIOO)  to 
shoar  the  Gibtrsdile  cifect;  oiih  increasing  the  approximations  improse  except  for  no  I, 
"nie  peal  of  the  dotted  cones  (!■'«  100)  at  ro  1 005  osershoots  the  PY  g  values  of  I.70S  and 
7$05  for  iva02  and  06  by  about  8.9$5%  and  9J95%.  respectnely. 


The  subscripl  I  is  suppressed,  and  Tabic  I  applies  for  I/,  ii,  a,  and  fl.  As 
shoxvn  in  Fig. 6.  h"  suHices  for  p>3  at  ll•=0.2,  and  for  l■>5  at  ir=s06. 
Thus.  A'  supplements  the  shell  expansion  by  an  asymploiic  tail,  and 
provides  a  hybrid  approximation  A«A*  for  allr.  For  simplicity,  we  use 

AV)“A‘(r)  for  l<r<i+I 

(30) 

A*(r)=A''(f)  for  l■>^+l 

The  corresponding  hybrid  approximation  of  the  moments  equals 

,W.[A'+A'']  =  ,«,tA’]+f*  tlrl,‘(r)r’  (31) 

Ul  +  I 

where  we  may  integrate  AV  directly.  Figured  compares  dashed  curves 
3fj[A’]  and  dolled  curves  A/a[A'+A‘‘]  for  s  =  3-8  with  the  exact  solid 
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Fig.  6k  Comparison  of  the  etaci  g  (solid  curse)  and  leading  residue  term  (dashed 

curse)  based  on  (29)  for  u'saOid  and  issa06k  The  one-term  approtimaiion  g*  suffices  at 
km02  for  r>3  and  at  ss-uCLO  for  r>$. 


curve  i\lt;  for  given  a,  the  hybrid  upproximalion  holds  for  larger  iv,  and 
d/eC/i^+.'i"]  is  even  better  than  The  hybrid  dolled  cuivcs 

I'/jtA'-b/i'']  in  Fig.  4  practically  overlay  the  exact  solid  curve  A/j.  The 
hybrid  is  better  than  the  shell  approximation  because  /i*  reduces  the  effects 
of  the  discontinuity  of  ft'  at  r  ms -Fl;  an  improved  version  may  follow  from 
a  different  match-up  point  than  s-F  I,  but  Ibis  has  not  been  investigated. 


APPENDIX.  MOMENTS  OF  THE  PY  TOTAL  CORRELATION 
FUNCTION  fi 

_  I0-2ii'-Fh’^ 

'  10-2(1 +2iv) 

(4-iv)(2-F>i’’)  8— 2ii--f4iv'— tv’ 

8-3(l-F2Hf  ““  8.3(1-f2iv)’ 


1200 


Berger  and  Twersky 


^  (175 - 260»-+42Iii’^-229h'»  +  62k'* - 7>v>) 

I75.4(l  +  2u0* 

(l-H')*(16-llif  +  4u4) 

16  ■5(14-211-)* 

4/,=  -(I0500-117500u'4-346930u’2 

-  557372U'’  4-  51884011'*  -  297700ii> 

4-  101255ii«-17I30ii-’4-756ii'»)/10500.6(I  4-2h)> 

^  (I  -ii)*  (20-386ii-4-627iv^-494ii4  4-  I73ii*-2lu'>) 

'  20-7(1 4- 2if)* 

M, a  -(404250-  18203500ii'4-  I48479200u'» 

-  50784454011-’ 4- 99692982211-* 

-  1246675I92u-'4-  1040639978n-‘-582685390)i-’ 

4-  21 2379965H-*  -  465966l6u-’  4-  5053356ii-"' 

-  I16424h-")/404250-8(I4-2ii-)’ 

A/s=  -d  -h)*(800-63540ii-4-620112»-* 

-  149797611-’ 4-  I84I640II-*-  I271l45ii-’ 

4-  495980ii-‘  -  9765611-’  4-  6048ii-’)/800  -9(14-  2ii-)* 

=  -(500500  -  7554050011-4-  I560277375ii-’ 

-  1116190735011-’ 4-4107267750011-* 

-  93389033916ii-’4-  142984464462ir‘ 

-  15392955320411-’  4- 1 18569194898ii-* 

-  6522685240611-’  4-  25074984 188ii-"‘ 

-  640827826611-"  4-98323997211-” 

-  71735664ii-”4-  10090t4ii-'*)/500500. 10(1 4-2ii-)’ 
lUio  =  -( 1  - 11-)*  (2800  -  74390011-  4-  20841976ii-’ 

-  15496397011-’ 4-45600872811-* 

-  74539236811-’ 4- 753789316ii‘-489600083ii'’ 4-20191582011-* 

-  4954052411-’ 4-6150144h-‘“- 232848ii-‘')/2800 -11(14- 2ii-)‘'' 
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Coherent  propagation  of  sound  in  correlated  distributions 
of  resonant  spherical  scatterers 
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Expressions  for  underwater  propagation  in  bubble  regions  based  on  the  index  of  refraction  (t/) 
m  uncorrelated  random  distributions  of  monopole  resonatois  are  r^tricted  to  sparse  bubble 
packing  (very  small  volume  fraction  to).  Astaincreascs,  correlations  arise,  and  coupling  with 
higher-order  multipoles  is  not  necessarily  negligible.  To  provide  prototypes  for  data  inversion, 
integral  equations  are  analyzed  fort;  in  correlated  distributions  of  spheres  (ineluding  up  to 
quadrupole  coeffieieiits)  in  terms  of  shell  and  moment  expansions  of  the  Pcrcus-Yevick 
correlation  funetion.  Graphical  results  for  w  up  to  20%  indicate  the  decrease  in  magnitudes  at 
resonanee,  the  inerease  in  icsonancc  frequency,  and  the  broadening  of  the  resonance  region 
relative  to  the  uneorrelated  case.  A  simple  explicit  three-moment  approximation  is  derived  for 
distributions  of  monopoles  plus  dipoles  that  provides  good  accord  with  niacliiiie  computations 
(based  on  ten-moment  or  on  eight-shell  expansions)  to  about  to  =  7.5%,  and  also  holds  at  least 
qualitatively  for  larger  in.  The  explieil  form  may  also  be  used  with  the  first  three  moments  of 
other  correlation  functions. 

I’ACS  numbers;  43.30.Bp,  43.30.Fl 


INTRODUCTION 

The  indc.\  of  refraction  i;  in  uneorrelated  random  distri¬ 
butions  of  monopole  resonators  dertved  by  Foldy '  -  specifics 
coherent  propagation  of  sound  in  bubbly  liquids  at  sparse 
packing  (very  small  volume  fraction  10).  Tlieexpression'  for 
9'  involves  luonly  to  the  first  order,  and  provides  an  explicit 
form  for  9  in  terms  of  a  lossy  monopole  coelTicieni  averaged 
over  a  distribution  m  bubble  size,  say  7;  [<!„  J ,  More  complete 
models  of  da  are  developed  by  Commander  and  I’rospcr- 
elli,-*  who  also  review  recent  iheoretieal  work  for  the  single 
bubble,  and  provide  detailed  comparisons  of  r;  [«„  ]  with  ex- 
isliiig  data  sets  for  tm;  1%.  The  present  article  uses  the  sim¬ 
plest  model  for  a  resonator,  and  analyzes  integral  equa¬ 
tions*-  for  7;  in  correlated  distributions  to  to  =  20%.  and 
obtains  an  explicit  closed-form  approximation  that  suOices 
to  at  least  to  =  7.5%. 

To  provide  prototypes  for  the  development  of  data  in¬ 
version  routines,  we  consider  identical  spheres  (specified  by 
the  relative  compressibility  and  mass  density  appropriate  for 
an  air  bubble  in  Ihese.i'' ).  and  work  with  the  I’ercus-Yevick 
(PY)  correlation  function’""  f.  For  sphere  radius  (a) 
small  compared  to  wavelength  (Itr/k),  and  normalized  fre¬ 
quency  X  ~  ka  up  to  0.2,  we  retain  not  only  the  dominant 
monopole  coellicient  Oa  (with  leading  resonance’' 
Xa  s;0.0140),  but  also  the  dipole  a,  and  the  quadrupole  Of 
Numencal  investigations  of  the  integral  equations  involving 
only  monopoles  i](M)  show  that  the  uneorrelated  form 
7;[iz,,  ]  suffices  to  to  about  0.1%;  in  turn,  compulations  with 
ijiMD),  which  includes  dipoles,  show  that  7}(.4f )  sutfices  to 
about  4%,  and  numencal  results  for  tiKMDQ),  which  in¬ 
cludes  quadrupoles,  substantiate  ri(MD)  to  about  10%,  the 
results  in  the  remaining  range  to  u>  ~  20%  are  based  pnmar- 
ily  on  rjiMDQ). 


Upiou'se  12.5%,  Figs.  l-6onlincarscalcsshowRc  1/* 
and  Im  7;’,  as  well  as  Re  7;  and  Ini  tj.  Figures  1  and  2  for 
to  =  0.1%  and  1%,  respectively,  also  include  the  uncorrelal- 
cd  versions.  The  symmetrical  curves  for  the  cicmciilary  os¬ 
cillator  represented  by  7/’[0|i)  provide  explicit  reference 
curves  and,  although  off  scale  and  not  included  m  Figs.  3  -6 
(al  to  =  4%,  7.5%,  10%,  and  12.5%),  they  serve  implicitly 
to  delineate  (he  distortion  of  the  curves  arising  from  the  in 
crease  in  correlations  with  increasing  10,  Figures  7-10  on 
log-log  scales  compare  uneorrelated  and  correlated  results 
for  Im  7/ and  I /Re  7/. 

The  decrease  in  magnitudes  at  resonance  and  the  shift  in 
resonance  frequency  relative  to  the  uneorrelated  case,  as 
well  as  a  key  difference  between  the  correlated  and  iincorre- 
latcd  processes,  are  indicated  by  two  illustrations  for  the 
imaginary  components.  Writing  Im  t/’e/  and  Im  i/s7/„ 
such  that  for  uiicorrelaletl  distributions  the  peak  values  /„ 
and  7;,,  increase  monotomeally  with  to,  the  correlated  ver¬ 
sions  (/„  and  t/if. )  increase  to  a  maximum  and  then  de¬ 
crease.  For  ui=4.6%,/,.  =5500  IS  maximal  atx,,  =0.0156 
(as  compared  to  /„=50200  al  =0.0140),  for  to 
=.  2.96%,  i;,„  =61.4  is  maximal  al  x=00162  (as  com¬ 
pared  with  7;„=  144  al  .7t=OOI41). 

The  primary  curves  displayed  to  ui  =  10%  were  ob¬ 
tained  by  two  differenl  methods  (shell  or  moment  expan 
sions)  of  solving  the  (AfD)  integral  equation  in  terms  of  the 
complete  and  a,.  One  method  used  the  exact  first  eight 
shells*  of  fand  Iruneated  the  integrals  to  obtain  7/  (and 
then  constructed  t/‘),  the  other  used  the  first  ten  mo¬ 
ments"’"  of  F  to  obtain  r/'  (and  then  constructed  7;)  The 
values  for  both  sets  of  7/  and  1/’  are  very  close,  and  differ  little 
from  values  obtained  with  the  (MDQ)  equation  (which  in 
cludesflj )  and  the  first  10or20momentsofF".For«i>  12%, 
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riG  i  Th«rn]pjrt$arc&ho\^ndssolid<uncvandih<im)2inarypjr(sas 

doited  cuoti.  The  lefl-moji  «ui><  of  each  palfcofrespondv  to  the  uncorre- 
lated  dbtribuiion  of  monopoles,  and  the  ri$ht*mos(  curve  (an  overlay  of 
several)  includes  correlations  as  well  as  dipoles.  The  eifects  of  correlations 
arc  practically  nejliiible.  and  the  overIa}ed  ten>momeni  curves  ( 10(.lfh 
10{.Uf>)}.ei|h(>shencur>es(5‘(.l/).5'(.l/f>)|iand  the  curves  of  iheexplic* 
It  first  approximations  |  (M I )  and  IMD  t ) )  areindivtinguishabicat  volume 
fractions 


riG.  2  Analog  of  Pig.  I  for  a  tenfold  increase  m  volume  fraction.  At 
U'  -  the  effects  of  correlations  (the  decrease  m  the  magnitude  of  the 
extrema  and  iheir  displacement  to  larger  ar,  as  well  as  the  distortion  ot  ihc 
sjminettyofthesimpleovciUaior  curves)  arcevidem.  Thcdifferenecsinthe 
oveilayedcurvesol  the  scveralapproximaiions  that  mcludecorrclaiionsare 
negligible- 


s 


vve  us^csl  piimarily  ihc  momeni  cApansiuns.  Rolh  syntbuliu'' 
ititd  numciiual  pioueduiets  vvcic  fui  mauhinu  vompuU 
lions. 

To  delineate  (he  etssential  physics,  vve  derive  a  simple 
explicit  approximation  for  pure  monopoles  \,i\f  I )  in  termsof 
the  first  three  moments  of  Ft  and  then  generalize  it  to  obtain 
a  hnt  approximation  iMD  I  >  that  also  tneUtdes  the  dipoles. 
The  appioximaiion  1;  is  in  good  accord  with  the  ten 
moment  and  eight-shell  ^MD)  computations  to  about 
w  =  7.5%,  and  suffices  at  least  qualitatively  for  larger  tv. 
Cumpuiaiions  based  on  ^MDii  involve  only  pocket  calcu 
laioi  louimes.audfui  many  piactivalpuiposeswc  would  osc 
i.MD  1  >  instead  of  the  ten-moment  (A/P)  or  iMDQ)  to  at 
least  O'—  10%.  Figures  1-3  include  (3/1),  Figs  l-IO  in¬ 
clude  cA/£>  1>,  and  Figs.  11  14  display  three  dimensional 
plots  based  on  ^MD 1  > .  The  explicit  form  ^MD 1 ;  may  be 
used  with  the  first  three  moments  of  other  correlation  func¬ 
tions. 

The  functional  equation'  7}  —  /;{F},  on  which  our  de¬ 
velopment  IS  ba^ed,  was  obtained  by  replacing  the  average 
scattering  amplitude  with  two  obstacles  fixed  by  that  with 


one  fixed,  analogous  to  Lax’s  procedure'^  for  the  effective 
cxcitmg  field.  Lailiei  explicit  results^  for  coi  related  teso- 
iiaiit  toi  pressure  icieasc>  sphcics  weie  lestiicted  to  spaisc 
enough  concentrations  for  the  leading  terms’*  of  Fin  powers 
of  u>  to  suffice.  For  other  sphciicul  scaiterers  and  all  realiza¬ 
ble  Wt  the  correlation  factoi  i  for  Ihe  low-frequency 
scattering  loss  teini  vdenved  originally  *  from  cUhci  the 
Scaled  particle'*  or  idenlical”  P\  eviuation  of  state)  can  be 
expresved  in  teimsof  the  second  moment  of  F,  the  coiicla- 
tion  term  of  the  associated  phase'*  depends  on  the  corre¬ 
sponding  first  moment.  Numerical  procedures  for  ij{F} 
based  on  citlici three-shell  oi  foui  shell  appioximalions 
could beappliedlothe  physical  paiamclcts*  ofpiescniuUei 
est,  but  we  found  that  even  the  available''  hv'. -shell  appioxt- 
malion  was  inadequate  for  w  ^  1%.  For  larger  tu,  additional 
shells  were  required  to  reduce  discontinuities  arising  from 
truncating  infinite  range  integrals,  our  eighi-sheil  compula 
tional  procedure  was  stable  for .( to  0.1  and  a-  to  127&.  The 
.<ioment  expansions  obviate  numerical  integration,  and  no 
particular  difficulties  arose  even  when  the  first  three  multi- 
poles  and  the  hist  20  moments  were  retained  fui  a  to  0.2  and 
u>to20%. 
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MO.  3.  Compif'jon  of  lh<  efTccts  of  th«  corr«l3tion$  for  diitnbutiom  of 
pure  munopulcMuaii  of  monopolc%plusdi(X)i<v(  Note  ih«^-oi)<jcnMxiw4k 
io)  A.t  Theeham*<iu(  euitoxoiropond  io<»cria}>oi  .W  rouU^  { 

SiMi,  {.\f  i>i,4nd  (he  >olideui>eM(>o^ril4}\ol  .Wf>routt\ 

k.MD  1 1 )  ThedilTere(Ke%  Miihin  a^ivcn  ki  ol^pproMnuiiomarc 
pi4viK'4ll)  ncgli£ibifJi)^cnei4l.A/f)vurvev4rcO(^pi4v'vdto>ni4llcMth4n 
Ihc3f  curves,  and  differences  bcivNcen  Ihem  become  more  marled  as  tcirj* 
creases  pavi  4^^ .  The  peal  S4lue%  of  ihe  correlated  R«  >/  and  Im curses 
are  approximately  equal  at  ihts  saluc  of  U'.  for  rosmaller/larger  than  4^. 
the  peal  of  Re is  the  smaller/largcr  of  the  pair. 


Wc  Start  with  brief  sketches  of  results  for  a  resonant 
sphere  (Sec,  I ).  and  of  the  explicit  form  of  for  uncorrclat- 
ed  distributions’'^  ofnionopolesfSec.lD.Then.wclist  inte¬ 
gral  equation  approximations'* '  forcorrelated  distributions 
and  discuss  moment  expansions  iSec.  Ill;,  and  derive  sim¬ 
plified  explicit  approximations  for  (Sec.  IV).  Section  V 
descnbesthenumencal  procedures  used  toevaluatetheshell 
and  moment  expansions  for  ij  and  Appendix  A  provides 
a  simple  program  for  computing  the  first  20  moments  of  F 
symbolically,  and  Appendix  D  lists  the  coeflicients  for  gener¬ 
ating  the  first  eight  shells  of  F, 


I.  PRELIMINARY  CONSIDERATIONS 


The  forward  scattering  amplitude  of  a  sphere,  g  = 
is  the  sum  of  multipole  coefficients  of  the  form 

i(2n  +  I  2n  -f  1 

.  - «  -  «  =  (0.1,2,...).  (1) 


I  -iK 


For  spheres  with  relative  compressibility  C\  mass  density 
p‘  z=.  and  index  of  refraction?;'  =  (C'/5')*'*,wehave 


no.  4.  TIk  M>lid  vKUirvpi'nd  iu  4>vctti>i>  «4  ina^iKrfll>  iiiciUKul 
vuivc^fiu  10utfP|4nd<$|.l//)>.  ihc  dashed  vutvevviUKspond  iui.l//)  i>, 
4i)il  ihc  b4icl>  vivibk  duUcUvui>cv  in;luiiv  qujijtup>)cs  Th« 

iiiUK4ics  ihji  ihccxplivil  In VI  jppioxinuiivMi  {.SfOit  is  vjiiviavU)!) 
lu  u  ..  7  9C«.  4tid  ihal  qu4diu|x4cv  have  puviKjlly  iu>  cffcvi  up  lu  this 
value  of  (c 


I  ^  RJaU)-dJ,.U) 
r.  KjiJx)-dnJx)’ 


R,  =  B'li 


dJAti'x) 

JA’l'x) 


(2) 


wlierey,  anti «,  are  Ihe  spherical  liessel  and  Neumann  func¬ 
tions.  and  Vindicates  dilTerentialion  with  respect  to  the  argu¬ 
ments  =  ka  or  )i'x.  We  take'’  C‘  =  15  288  and  S' -82$  for 
all  numerical  computations  and  use  the  complete  forms  of  a„ 
in  general. 

To  delineate  physical  aspects  forar<0,l,  we  need  retain 
only 


3-x‘C‘  -3(g’  +  2) 

’^’~x*(C--l)‘  x>(S'-l)  ’ 

-  (2n  -f  I  )!!(2n  -  I  )i!(«g ■  +  «  +1 ) 

where  (2« +  !)!!=  (2n -)•  l)(2n  —  l)...l.  These  expres¬ 
sions  provide  Ihe  correct  leading  terms  except  if  either 
g'—  lorC'=  1.  For  Ihe  largevaluesofC'andg'at  hand. 


T-  . 
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w  »  10% 


w  »■  12.5% 


FIG  8  Analog  of  Fig.  7  for  values  in  F)gs  i  and  4  at  u’  =£  4%  and  7.5% 
»ho^vs tlu!  iheexphcit  first  approximation  {>\fD  i )  suffices exn  tox  =  02^ 


each  pair  in  llic  top  panels  of  Figs.  1  and  2  (at  w  »  0. 1  %  and 
1  %,  respectively)  correspond  to  K  to  /  of  (6)  in  terms  of 
of  (2).  The  shape  of  the  curves  and  the  location  of  the  ex¬ 
trema  arc  unchanged  as  w  increases  and  the  magnitudes  in¬ 
crease  linearly  with  w. 

At  resonance, 

yraO,  X!=i.XuS:0.0I4,  ^  es  I,  iTsSt  O) 

where  S' is  the  maximum  value.  For  I  at  halFstrcngth. 

±  1,  X  =  .v*  SXa  ±-^. 

fiotqFl,  /  =  4' 

2  2 


t  X 


FIG  9  Analog  of  F»g  7  for  values  m  Figs  5and6at  u’  =  10%  and  12  5% 
$ho>»^  the  increasing  role  of  correlations.  Note  that  (MD  \ )  sufifices  at  least 
forlmj? 


FIG.  10  Analog  of  Fig.  7  for  valuer  of  it’ at  which  the  tO(.^ff><>)  results 
shouldbcchcchcdbyintludingociupolcs  The  closeness  of  (AfOl)  curves 
to  the  other  eorretated  curses,  patncularly  to  the  \01MDQ)  at  relatively 
largex,  is  fortuitous. 


and  the  peak  width  of  /  lorrciponding  to ,  -x  is 
very  narrow.  Outside  of  the  resonance  region,  as  lyl  and 
)jt  -  ATol  inerease,  tlic  magnitude  of  /  decreases  more  rapidly 
tlian  that  of  R. 

On  the  other  liand,  for  .tsO, 


/isl+— esl+iofC'-l). 

r 

■  \)Kx' 


,  £  ie(C' 

=  ,j= 


C^sR  +  il. 


(9) 


where  C„  is  the  complex  bulk  compressibility,  witli  R  as  the 
elementary  mixture  approximation  and  I  as  the  first  approx¬ 
imation  for  tlie  scattering  loss  term  (as  discussed  earlier' ). 

For  jcajO.l,  the  forms  /(a:  1  -  3i(’/af'  and  Isiw/x  cor¬ 
respond*  to  the  leading  terms  of »/'  for  pressure  release 
spheres. 

In  terms  of /( and  /.  tlie  real  and  imaginary  parts  of  1/  are 
given  by 


V-V.+i’h 


d^(- 


[r^+i‘±r\'' 


-} 


(10) 


Since  the  peak  width  (atj )  of /is  narrow,  the  influence  of  /  in 
(10)  is  restricted  to  tlie  ncigliborhood  of  jt^,  and  since 
/{  _  1  =  ±|/i-  llforxS;eu.weseelhati;,increasesrela. 
lively  gradually  to  its  peak  and  then  falls  steeply.  From  the 
valuesof/?-  la;/?  andof/atJx .  and  jc„,  it  follows  that?;, 
increases  to  approximately  {Six'S  +  1)1''V2  at  x  .  and 
then  dvCreases  to  about  (S/2)''*  at  x,,,  and  to  about 
iS(s2—  l)l‘'V2atJ[ ,  .Theconverseappliesfon/j. which 
rises  steeply  to  its  peak  at  ;c ,  .  etc.  The  left-most  curves  of 
each  pair  in  the  bottom  panelsofFigs,  I  and  2  correspond  to 
)/,  and?;,  in  terms  of  Po  of  (2),and  Figs.  7-iOon  logarithmic 
scales  shows?;,  and  l/y,  to«>  =  20%.  For  uncorrelated  dis- 
tnbutions,  the  shape  of  the  curves  and  the  location  of  the 
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FIG.  1 1  Thrcc^imen«onal  pl<«  (shovking  20  jilhouc«o>)  of  Im  tf 
onl.'ff)l).Thc«>l  id  cufvcon  the  left  wall.  aproi«tionofaUpcaV.\alu«to 
tea  10%,  hi$  a  maximum  of  approximattly  5J50  for  .ics:00I57  at 
U'a52^5':ihcvalu€ba^on  \0(MD)  approximates  5500fofx=O.Q156 at 
u>s4.6re. 


FIG.  U.  Thrce*dimensional  sdhouettc  plot  of  Im  t;  based  on  [MD I )  The 

solidcurveonthcleft  wall, aprojeciionofall  peak  values  tou>  a  I0%,hasa 

maximum  of  approximately  62  2  for  X300I60  at  u’s2  04^.  the  value 
based  on  IO(A/f))  approximates  61.4  for  x^OOI62  at  u's2  969^ 


Mtrcma  arc  unchanged  as  in  increases,  and  llie  magnitudes 
increase  as  Jw. 

The  right-most  curves  in  Figs.  1  and  2  show  the  elTcctsof 
correlations.  Figs.  3-6.  which  arc  also  on  linear  scales,  dis¬ 
play  only  curves  that  include  correlations  (the  uncorrclatcd 
versions  are  far  olT  scale):  their  top  panels  for  »/*  show  the 


FIG.  12.  Tbree^imenstonal  silhouette  and  projection  plot  of  Re  ^  based 
on  (MD  \ ).  Tlie  solid  curve  on  the  right  wall  of  the  base,  a  projection  of  all 
minimum  values  d"  Re  if,  has  a  minimum  of  approximately  -  3550  for 
xsOOl63aturs52.9%;  the  value  based  on  lO(.Wf))  approximates  —3480 
for  Jc-0  0167  at  ICS  3-3% . 


distortion ofthcsymmetricaloscillatorcurvcs in  Figs.  I  and 
2  that  arises  with  increasing  u\  so  that  (he  uncorreiated  cases 
provide  implicit  reference  curves. 

To  first  order  in  we  may  generalize  (5)  directly  to 
include  higher^ordcr  multipoles,  i.e., 

but  in  the  ranges  ofx  and  lu  where  (5)  Is  valid,  we  see  from 
(4)  that  the  highcrordcr  cocflicienis  are  negligible.  How- 


fig.  14.  Threc^imcnsional  silhouette  and  projection  plot  of  Rc  i]  based  on 
iMDiy 
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ever,  for  denser  packing,  the  maximal  fluctuations  implicit 
in  ( 5 )  and  ( 11 )  are  decreased  by  the  correlations  in  the  sepa¬ 
rations  of  neighbors  that  arise  from  the  decrease  in  elbow 
room  per  particle.  Higher-order  terms  in  w  must  be  includ* 
ed,  and  the  dominant  is  coupled  with  alt  by  the  re¬ 
quired  functions  of  ij  and  w. 

III.  CORRELATED  DISTRIBUTIONS 

The  earlier^  development  of  integral  equation  approxi¬ 
mations  forcorrelated  randomdistributionsof  obstacles  w“$ 
summarized^  and  applied  to  various  cases  involving  only 
and  <7, .  These  articles^-*  indicate  limitations,  provide  full 
details,  and  cite  related  approximations.  Now  we  merely  list 
the  required  generalization  of  (11),  and  discuss  only  the 
forms  for  our  numerical  computationsand  graphical  results. 

As  shown  earlier,’  the  index  is  specified  by 

4-2/, 

(12) 


where  is  expressed  in  terms  of  S, and  the 

correlation  integrals  (coatinuum  versions  of  lattice  sums) 

if,  =241(1  f”  F<.r)J,(.<l^r)hi''axr)r' ilr 
Ja 


=./'.+(  I  ',.  (13) 

Here,  fis  the  correlations  function,’"  mii  hi,"  =J„  ) 
with  corresponding  /'{JJ)  and.  I '(;«).  For  brcviij,  we  in¬ 
troduce  self-coupling  coefTicients  and  worh  with 


/>.  ‘ 


a.’) 


1 


I  —  a.  „ 


(14) 


Retaining  a  specified  number  of  isolated  scattering  coefli- 
cienisa,  in  tl2),  we  solve  llie  truncated  algebraicsysicm  for 
P,„  and  construct  1P„  to  obtain  inlegral  equation  approxi¬ 
mations  for  >/. 

Thus,  if  we  retain  only  the  monopole  a„,  then 


Oq  - 1 

I 1 -H'ro -h 'J'o  ' 
(15) 


The  self-coupling  coeflicient  .'/o  includes  all  orders  of  mon¬ 
opole-monopole  coupling.  If  uckeepboihay  and  ihe  dipole 
0|. 

)/'-!  P„+P,+2p„p,h,„ 

~iS  l-PoP,hl, 


I  ~  ^7 Q.V  I  77  j 


I  —  Oi  II  1  I'Fi  -b  1^  -h  ^  o  -F  2-i^  > 

(16) 

where  we  used'  „  =  (iS  ■{■  77  „  +  2  ^ ,  )/3.  The  coefii- 


uent I  includes  all  orders  of  dipole-dipole  coupling,  and 
includes  the  cross  coupling  terms  Ifthequadrupole 
O]  is  also  retained  in  ( 12), 

=  Po  +Pi  -bft  +2(poPii'()i  -i-PoPihoi 

‘FPiPihfi)  P(,P\P2{'2h(nhoi  -1-2/10, /i|2 

-1-2602/1,1 —Aoi —Aoj  “^11 ),  (IT) 

D  =  1  -ftPiAj,  -PoPihii  -P,Pih\i 

—  2/Jo/i|  P2  60 1 6 1 2  602 , 

where’  jr,2  =  (/S2);-b2Jr, -b3Jr,)/5,  and  37 n 
=  [i5(7-f  17»;’)  +  i0.77i  +  18,?". )/35.  The/), 

include  coupling  of  similar  multipoles,  and  product  terms 
correspond  to  cross  coupling.  Since  77 ,  =^,tt/),  these 
representations  constitute  integral  equations  for  i;.  We  refer 
to  ( lS)-(  17),  as  well  as  to  the  corresponding  numerical  and 
graphical  results  they  lead  to  by ,)/,  MD,  and  MDQ. 

The  integration  variable  r  in  (U)  represents  distance 
from  the  center  of  one  sphere  divided  by  sphere  diameter 
(2a).  For  impenetrable  identical  spheres,  F(r)  =/{r)  —  1 
(with/as  the  radial  distribution  function’*" )  depends  only 
on  the  normalized  distance  rand  the  volume  fraction  u’.  The 
exact  leading  terms  of  F  for  small  m  arc  given  by" 

f(r)=-l.  0<;r<l,  (18) 

F(r)  =  ia(8-6r-).rV2)-b/'(ia’).  Ur<2,  (19) 

which  also  follow’  from  the  I’Y  approximation.  The  region 
Osr<  I  IS  the  exclusion  region  containing  the  center  of  only 
oncspherei  if  we  retain  only  (18)  m(  13),  then  /?.  =  «'  (la) 
corresponds  lothc  hole  upproximalion,  The  region  lsrs2  is 
the  first  shell  (j  =  I ),  and  Ihe  successive  shells  correspond 
10  s<f<s -4- 1  for  integer  values  ofi  If  we  retain  (18)  and 
( 19),  i  e.,  (he  first  two  terms  of  the  virial  expansion  of  F,  then 
'7r  „  incorrect  to  7  (1,4). 

Exact  expressions  for  the  PY-f(r)  in  Ihe  first  five  shells 
(corresponding  tor<6)  arc  available*’  for  numerical  inves¬ 
tigations,  and  wc  generated  analogous  expressions  for  Ihe 
next  three  shells  to  obtain  exact  forms  for  r<9,  see  Appendix 
n.  Truncating  Ihe  infinite  range  integrals  in  .  at  r = 9  and 
solving  for »/  numerically  lead  to  the  eight-shell  results  for )/' 
and  i/that  wc  cite  subsequently  as  5(, If)  andSfdfO);  these 
are  plotted  in  Figs.  1-5  (as  well  asin  Fig.  6  lox  =  0.025)  but 
are  overlayed  by  other  curves.  However,  our  most  stable 
computing  routines  are  based  on  using  Ihe  moments  of  the 
PY-F. 

Expanding  the  integrand  of m  powers  of  r  isolates 
Ihe  moments 

r  Fir)r"dr  =  M,(.w).  (20) 

do 

These  are  simple  rational  functions  of  10.  The  first  four”  " 
equal 

,»/,  =  -(I0-2i()-H(>’)/10x2(!-b2io). 

,Wj=  -(4-i())(2-H(4)/8x3(l-b2w)'’, 

,»/,  =  -  ( 175  -  260w  -b  421ii4  -  229m' 

+  62u)’-7u>')/175x4(l +  2ii))',  (21) 
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(25) 


A/4  =  -  ( 1  -  w)\  16  -  1  lui  +  4ui^)/16X5(  1  +  2k>)‘. 
All  PY  moments  are  given  by  the  recursive  relation'" 


M,(l+2w)=L,+ 


12ii'£.^.  , 
n(n  -f  1) 


+  >2«’ 

I  -  |2«-f  («-3)m) 

*  2n(n+l) 

E  -|4H-2ffi  +  (m-  Dml  ^22) 

2(/h4- l)(m  +  2)(;n  +  3) 

Appendix  A  provides  a  simple  program  for  generating  the 
first  20  moments  by  machine.  (Note  that  the  hole  approxi¬ 
mation  (18)  in  (20)  gives  the  leading  term  —  l/(n+  1), 
and  (19)  gives  the  e?(w)  terms  of  df„.) 

Substituting  the  standard  series  expansions  of  j,  and  «„ 
into  =  /',  4-  £  / ',  as  in  (13),  we  identify  simple  inte¬ 
grals  of  the  form  (20)  to  construct 


.  }i"x’"24u> 

((2n+ 1)!!)' 

-  rj“l2io 
x(2h-1-1) 


(23) 


Using  these  expansions  for  in  (15)-(17)  leads  to  alge¬ 
braic  equations  for  tliecorrespoiiding  r/*  that  can  be  solved’* 
by  machine.  Computations  with  the  correlated  moiiopote 
(,lf)  form  ( 15)  determine  the  rangeofiowhere  the  uncorre- 
lated  form  (5)  is  valid,  and  similarly  the  MD  form  (16) 
restncts  (15),  and  the,lfOS  form  (17)  restricts  (16).  We 
us;  ( 17)  to  ii>  =  20%,  where  the  differences  with  ( 16)  arc 
relatively  marked  (except  on  log-log  plots,  i.e..  Fig.  10),  but 
an  upper  bound  for  its  range  of  validity  is  not  available.  Fig¬ 
ures  l-IO  display  ten-moment  results  for  v  (the  first  six  in¬ 
clude  i;*)  cited  as  lO(iW),  10(, (/£)), and  10(3/02);  wecom- 
puted  corresponding  20-niomcnl  values  for  substantiation, 
and  found  the  differences  to  be  minor. 


IV.  EXPLICIT  APPROXIMATIONS 

To  delineate  the  essential  physics,  we  derive  a  simple 
approximation  for  pure  monopole  resonators,  and  then  gen- 
eraliae  the  expression  to  include  leading  dipole  contribu¬ 
tions. 

From  (15), 

_  1  =  _  =  fS/l  1  -F  /  „  -F Ur  +.  f  o) ] 

(24) 

and  we  maysubstitutethe leading  three orfour  terms  of  (23) 
for  n  =  0  to  obtain  a  quadratic  equation  for  r/*  that  can  be 
solved  explicitly.  However,  we  retain  only  the  first  three  and 
work  with 

24io3/j  =  ( 1  -  ti))V(  1  +  2«»)*  -  1  =  ;/  -  1, 


=  12ii>13/,l/x:-  8iuxl3/,|[(i;*  -  1)  +  4) 
a2-r(())’-l)+41, 
where  21^  is  the  low-frequency  limit  of  the  structure  factor. 
(We  rewrote  j;*  -F  3  to  make  )/*  —  1  explicit,  but  will  drop 
the  4  (and  could  drop  the  —  1 ),  which  contributes  negligi¬ 
bly.} 


In  terms  of  (25),  k(/o  of  (24)  reduces  to 

.</,=  -(2/'+iF-ir()?’-i)i  ', 

r=y-F2-4rsy-F2 

=;(x*-x*(l-12it>j3/,l)]/.v'. 

(26) 

and,  consequently, 

if  -  1  =i5/l  7r  +  ir  -  iT(v'  - 1)1. 

(27) 

The  relevant  root  of  the  quadratic  for  r/*  —  1  equals 
_  I  =  {2/  •  +  ,r  -  ( ( 2/-  +  iD*  +  4Sr  ]  ''*)/2iT 
=  VS/{7r  -F  fr  -F  ( ( 2/ ' -F  /D*  +  4ST ) ’'*),  (28) 
where  the  (ini' form  of  »/'  =  /{  -F  il  is  more  suggestive  of  the 
oseillator  sirtielure.  To  Include  the  iii,  tern,  of  / we  rc- 
pk...c  //'by  //'-F  2Fand  Tby  T  +  /Fwilli  l'=  16v*|3/4l; 
however,  the  effects  of  Fare  minor  in  the  range  of  jf  and  w 
where  (28)  suffices.  We  cite  ( 28)  as  (3/ 1 )  in  the  following. 
For  jrcsO,  we  now  have* 

Ra I  -F lofC' -  1),  /sio2/  (C  -  1 ) V/3, 

C,BR  +  il,  (29) 

which  differs  from  (9)  in  that  2/ (lo)  =  (1  —  io)V 
( 1  +  2w)‘  shows  the  decrease  of  scattering  losses  arising 
from  increasing  to  and  increasing  correlations  (decreasing 
fluctuations).  Instead  of  inercasing  linearly  with  increasing 
to  .at  fixed  x,  the  present  /  inercascs  to  a  maximum  at 
U'aO.  129  (whereto//  s0.0459),  and  then  decreases.'*  For 
the  physically  unrealizable  bound  io=  I.  we  have 
//'(I)  1=0  and  C,  reduces  to  C  as  required  fora  uniform 
medium. 

Similarly  the  value  of  /  of  (28)  corresponding  to  the 
resonance  condition  F  =  0,  i  c., 

=  ZS/(  //  ■  +  ( //  •>  +  4S7) 

4Sr=96io*j3/,!/x'. 

■v  =  -Xa  =^x„/(]  -  12io!3/,|)''-'>.r,„  (30) 

is  smaller  than  the  uncorrelated  value /q  =  S[Xu)  =  3w/x!,. 
Even  at  to  =  1%,  where  x^  =  0  014  43  is  about  3%  larger 
than  x„  =  0014,  £,^.=4520  is  only  about  41%  of  /„ 
10  933.  At  to  =  0  04.  Xa  .=0.015  86  is  about  13%  larger 
than  Xo,  and  :s4718  is  about  11%  of/os:43  732. 

To  help  clanfy  the  relation  of  (28)  to  the  uncorrelated 
form,  we  write  (22 '  -F  iF)*  -F  4ST=  l/‘  +  /2r/'/'  and  ex¬ 
pand  the  square  root  for  2F//  '<  £/*  to  obtain 

j  . _ i2S  _  iP 

’’  ~  “(//  -Ft/Xl-FiF/t/)*"  I-Fi5  ’ 
l/=(//*-F4Sr-F*)’"  (31) 

This  form  reproduces  (30)  for  T  =  0;  it  sutHcesin  the  neigh¬ 
borhood  of  a  forsmall^  =  T/t/,  and  indicates  trends 
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(37) 


at  5“=1.  Thus,  from  we  have 

r  =  ±  (2ST+  7/^/2)"^  =  ±U. 

Xi  =:J:,x  ±x\(2S^  +  7/'=/2)''V2(!  -  12u>),W,(). 

v’-i=-^(Ti+o 

7/''+<2S,  Tj.  +7/-'V2)''^  *  ’’ 

(32) 

where  5'^  =  S{x,^ ),  5'^,  =  5'(x  ),  etc.  For  it>=  1%,  we 
have  /( ,  s3057  at  jc_  =:0.oi4  16  and  )? ,  *=  —  2833  at 
a:*  =0.0147;  the  extrema  obtained  from  (28)  are 
3290  atx  =  0.0141  and  /?v  s  -  2933  at  x  =  00148. 
The  corresponding  values  /j  =  are  larger  than 

/ft /2  =  2260. 

Forvery  small  lu,  (28)  reduces  to  (5),  but  with  increas¬ 
ing  ic  the  asymmetry  of  the  oscillator  at  hand  becomes  more 
pronounced;  see  curves  in  Figs.  1-3.  In  Fig.  3  at  in = 4%,  the 
chain-dot  curves  for  the  correlated  cases  based  on  10(,W)  of 

(15)  practically  overlay  (Af  I )  of  (28);  in  Figs.  1  and  2,  the 
correlated  curves  correspond  to  both  I0(A/)  and  (Af  D.bul 
the  cases  are  indistinguishable. 

For  w>A%,  the  curves  in  Fig.  3  based  on  I0(A//))  of 

( 16)  indicate  that  the  dipoles  (a, )  should  be  included.  The 
decrease  in  bulk  density  (the  real  part  of  />  =  fl  ')  with 
increasing  in  arises  from  the  clTects  of  dipoles,  and  other  ef¬ 
fects  arise  from  cross  coupling  with  nioiiopolcs. 

Were  the  monopolc-dipole  coupling  terms  in  ( 16)  in¬ 
volving  '/i'  I  negligible,  then,  as  shown  before,^ 


—  =l-KS'.</,sl- 


I  +  /  (I  +(()'i  +5) 


r)‘  =  (l-iSj/o)/D, 

Dsi+  ISs/f  { 1  -f  (2A„,  -^  ()/'  -  1  )A  Ai'  ] }. 

Using  the  x-independent  approximation  iSs/, 
s;3m/(l  —  in),  and  replacing  ho,  by  its  leading 

term  /4injA/i  |/x  =  iQ  /3,  yields 

1-inl  °V  3  27in  /J 


I-m  I 


l-iW-f/f2/V/3’ 

lmil-p')/ll  +  2p‘)  (33) 

(where  (33)  retains  only  the  leading  real  and  imaginary 
parts  of  the  denominator  of  .r/,  |  gives  the  correct  leading 
real  and  imaginary  parts  of 

px(\~  m/)/(  1  -F 2in/)  •F/lin2/'r‘xV(l  -F  2in/)*)  3/),. 

(34) 

For  the  physically  unrealizable  bound  in  =  I,  we  have 
p,  =p'  as  required.  Similarly,  from  (29)  and  (34), 
C,p,  =  )/J,mwlncliwerel3inonlylermsto/  (x'), reduces 
to  C'p'  =  »;'*  at  in  =  I.  Since  C  dominates,  we  may  use 

»ll=C,  Re/)„  Re/i,  =  (l-inf)/(l  +  2inrt  (35) 

to  obtain  the  corresponding »/,  and  r/,  for  very  low-frequen¬ 
cy  applications.  Discounting  large  values  of  in  for  the  case 
p‘  =  1/825  at  hand,  we  have  r=:  1  and 

p,  =p  +  i(in//  xVtl  +  2in)’].ps(l  -in)/(l  •F2in). 

(36) 

We  retain  only  p  m  the  following 

More  generally,  however,  the  monopole-dipole  cou¬ 
pling  terms  m  -//' ,  cannot  be  neglected.  To  generalize  (28) 
to  include  leading  dipole  effects,  we  rewrite  ( 16)  as* 


Thus  (37)  reduces  to 

,A-, _ p(l  _ 

l-Frx/o(2in2 -(')'-  l)x’eV9l/(l -F  2in) 
Substituting  .t/„  of  (26)  into  (39),  and  subtracting  p 
from  each  side  of  the  equation,  we  approximate  the  numera¬ 
tor  by  its  X  '  term  and  write  the  result  as 

,  -  1^1 

tr  — pi:  "  . . .  7- . . 

7/-  +  IT, -iT,(v‘-l) 

- - - ,  (40) 

//■■FiT,  -iT,(v‘-p) 


^1  =  A))  =  3in(  1  -  in)/x’(  1  -F  2in). 

r.  =  r- JliiliiiL. 

1  +  2w  I  +  2tv  j>c( !  +  2j(>) 


r,  =r-x'eV9(l  +2in) 

=  8xin[  IA/(  I  -  2injA/,  | V(  1  -F  2in) ). 

Sinee  (40)  is  the  same  form  .as  (27),  it  follows  that 
v*-p=2/5'|/{//+/r,  -F  ((//■•Fir,)*-F4y,r, 

(41) 

which  suffices  for  a  much  larger  range  of  in  than  (28).  Tins 
fust  approximation  (MD 1 )  is  used  to  construct  the  three- 
dimensional  plots  in  Figs.  11-14. 

Had  we  dropped  the  term  "1 "  in  the  parentheses  of  the 
numerator  of  (39)  and  replaced  —  I  by  »’ in  the  denomi¬ 
nator,  then  we  would  have  obtained  (41)  with  i/*— p  re¬ 
placed  by  »)*  (which  suffices  for  our  primary  purpose). 
However,  (41)  as itstands reduces toz/’ajpC,  forxaO.and 
provides  a  check.  To  delineate  the  dipole  effects  more  expli¬ 
citly,  we  would  start  with  iS‘.r/,i:3inr/(l  —int)  based  on 
(33),  which  leads  to  (39)  withp  replaced  by  Rep,  of  (35), 
and  ( I  +  2in)  '  replaced  by  /( 1  +  2in/)  '.  Then  (40)  and 
(41)  would  involve  Rep,  instead  of^  the  final  form  of  F, 
would  contain  ( 1  -F  2in/)  '  instead  of  ( 1  -F  2n')  ‘,  and  T, 
would  contain  2iii((  1  -F  2wl)  '  instead  of  2iu(  1  +  2ml  '. 

Although  we  could  obtain  more  complete  approxima- 
tionsthan  (41 )  by  using  it  in  an  iteration  procedure  for  (37), 
this  explicit  first  approximation  (MD 1 )  is  in  good  accord 
with  10(A//))  to  10  =  7.5%,  and  suffices  at  least  qualitative¬ 
ly  for  larger  w.  See  dashed  curves  (where  perceptible)  m 
Figs.  3-10,  in  which  10(.4//))and  10(A//)2)  are  represented 
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by  solid  and  aotted  curves,  respectively.  Computations 
based  on  {.MD  i )  involve  only  pocket-calculator  routines, 
and  tor  various  practical  purposes  we  would  use  {MD  I )  in¬ 
stead  of  lOtA/i)  or  even  10{MDQ)  to  at  least  tv^  10% 
The  figures  show  that  m  some  ranges  (MD  1 )  is  fortuitously 
closer  to  10{MDQ)  than  to  10(A/Z>). 

At  resonance,  T,  =  0  and  — p)  reduces  to 

''  ;/- +(//'*  + 45, 

""  l-l2«)(A/,i/(l+2w) 

where  the  present  is  larger  and  is  smaller  than  the 
corresponding  (A/ 1 )  results  based  on  (30)  forthepure  mon¬ 
opole  case.  The  present  analogof(31), 

, _ 

(7/  +u,)o+ir,/Ut)  i  +  iS,’ 
y,  =  (//■'.}.  45,  r, (43) 
suffices  lor  a  telativdy  smaller  range  in  the  neighborhood  of 
for  relatively  small  values  of  5,  Tj/f/*. 

V.  NUMERICAL  AND  SYMBOLIC  PROCEDURES 

Doth  symbolic  and  numerical  procedures  were  used  to 
solve  the  integral  equations  ( 15)-(  17)  in  terms  of  the  inte¬ 
grals  (13)  for  based  on  the  PY  correlation  func¬ 

tion  *  f.Thecoeificientsforthecightshc!ls(whichprovidc 
the  exact  F  for  r<9)  and  the  first  20  moments  M^iw)  were 
obtained  symbolically,  and  stored  in  the  machine. 

The  shell  appioAimations5tA/j  of  (15)  and5tA/£>J  of 
(16)  were  computed  by  truncating  the  integrals  (13)  at 
r^9,  and  using  a  4$«point  Gauss  integration  formula  in 
each  of  the  shells.  We  solved  the  numerical  integral  equa¬ 
tions  for  1}  at  fixed  values  of  20  using  Muller's  method 
(IMSL  9.2  routine  ZANLYD  by  starting  at =  0.001  and 
progressing  to  «  0.1  in  1000  steps.  The  numerical  proce¬ 
dure  was  robust  for  u>s0.075.  The  solutions  were  not  depen¬ 
dent  on  perturbations  of  the  initial  value  of »/  at  .x  =  0  OOlj 
i  e.,  \vc  could  start  with  the  uiicorrelated  value  or  with  the 
value  ofan  explicit  approximation  (M  i)  or  {MD  I ),  stay  on 
the  same  solution  branch,  and  get  identical  results  through 
a:  =  0.1.  For  m>0.075,  after  starling  with  an  initial  value 
{M I  or  MD  1 ),  we  used  a  polynomial  extrapolation  of  Re  ?/ 
and  Im  y  based  on  values  of  y  at  four  successive  steps  in  x»  as 
the  initial  guess  to  compute  y  at  the  next  step  in  x.  This 
procedure  was  stable  and  insensitive  to  small  perturbations 
in  the  starting  values  at  .x  =  0  001  formup  to  alx)ut  0.12,  and 
sufficed  for  compulations  to  a:  =  0.1.  However,  for 
0.125  5m<0  2,  it  sufficed  for  computations  only  forx^;f^. 
wtlhx:^  as  the  value  of  x  where  Im  y  reached  its  maximum; 
for  larger  X,  the  corresponding  curves  beliaved  erratically. 

( Initially  we  sought  to  compute  with  only  the  available  five- 
shell  approximation,^  but  instabilities  were  present  for 
(i>>0.07,) 

Muller's  method  was  also  used  for  computations  of  ( 1 S ) 
to  ( 17)  based  on  the  moment  expansions*®  of  F,  but  numeri¬ 
cal  integration  was  not  involved.  Using  symbolic  methods. 


the  spherical  functions  in  the  integrand  of  were  expand¬ 
ed  and  regrouped  as  polynomials  m  r,  the  integrals  in  r "  were 
identified  as  moments  M„,  and  the  result  was  regrouped  as  a 
polynomial  in  y'.  The  order  of  the  highest  moment  and  the 
highest  multipole  retained  determined  a  polynonial  equa¬ 
tion  for  y^,  and  the  algebraic  equation  was  then  solved  nu- 
mencally  over  thcdomain  0,001  <x<0.1  (at  KXWsteps)  and 
0<m<020.  If  more  than  the  first  ten  moments  were  re¬ 
tained,  extended  precision  was  used.  The  computation  was 
robust  for  m<0.20;  perturbations  in  the  starting  values  did 
not  change  the  branch  of  the  solution  to  the  polynomial  in 
y\  and  it  was  not  necessary  to  use  extrapolation  techniques 
to  stay  on  the  stable  branch.  The  solution  is  the  only  one  in 
(he  neighborhood  of  the  corresponding  shell  solution  for 
ui<0.12  to  X  =  0.1,  and  for  larger  w  to  xsx„.  Our  most 
elaborate  computations,  involving  the  first  20  moments  and 
the  first  three  multipolc  coefficients  of  the  sphere,  posed  no 
special  problems  (but  required  more  time).  For  the  c..n- 
struction  of  the  log-log  plots  in  Figs.  7-10,  we  extended  the 
domain  to  x  =  0.20, 

Doth  of  (he  above  computational  piocedures  were  based 
on  the  complete  multipole  coefficients  as  in  (1)  and  (2)  On 
the  other  hand,  for  the  explicit  approximations  M I  as  in 
(28)  and  MD  1  as  in  (41 ),  we  used  only  the  leading  terms 
based  on  (4).  Compulations  foi  M 1  and  A/i)  1  can  be  done 
on  a  pocket  calculator. 
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APPENDIX  A;  SYMBOLIC'*  PROGRAM  TO  COMPUTE 
THEPY  MOMENTS 

FOR  ALL  m.w  LET 

Etw.m)  =  *  (A-b  2*m-f  (m-  l)«w)/ 

l)*(m-f  2)*(m*}-3)), 

Llw.m)  s=  -  t2*m  +  Ini  -  3)*w)/(2*m*(m  1)), 

Procedure  Fact(N); 

Begin 
Scalar  M; 

M:  =  l: 

L.!f  N  =  0  then  Return  M; 

M!=M*N;Ni  =  N-  I; 

Go  to  L; 

End; 

Procedure  CC(I,J): 

Begin 

Return  FacttI)/(Fact(I  —  J)*Fact(J)). 

End; 

Nmax.  =  20.  Lmelength  60,  Off  Exp,  on  Gcd, 

For  1 1  =  1  Step  1  Until  Nmax  do 

Begin 

A ;  =  For  J:  =  1  Step  1  Until  I  —  1 

Sum<  <CC(1  —  l,J)*E(w,J)*M(w,!  — J)>  >; 

M(w,I);  =  <  l/(  1  -f  2*w)  )*(L(w,l) 


et3 
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•f  12*w*E(w,I  +  1)/(I*(I  -f  1)) 

-!■  12*w*A); 

On  Factor; 

ans:  =  M(w,I);  Write  I',”)  = 

Write  ans;  OtF  Factor; 

End; 

Quit; 

APPENDIX  B:  COEFFICIENTS  OF  THE  FIRST  EIGHT  PY 
SHELLS 

As  discussed  by  Wertheim,^  F(r)  =  /(/■)  —  I  can  be  ob¬ 
tained  in  closed  form  for  given  r  from  the  inverse  Laplace 
transform 

r/ir)  =  ^  -  '{tUt)/[  l2wHl)  +SU)e‘ )}, 

S’(0  =  (l-ui)'/’  +  6ii;(l-w)/* 

+  18n^»—  12u)(l  —w), 
i(/)  =  (l  +  n'/2)/+l  +  12itf, 
by  expanding  the  operand  in  powers  of  S  ' '  and  evaluating 
the  residues  at  the  roots  (/„  =  I'ot.'i.'j  = '  f)  ofS(r).  The 
roots  may  be  written  as’ 

r,  =  (-2n»+(2u'?)'"'()’.y' 

+  r./  ')]/(! -in), 

9  =  3  +  3in  — in’.  y=>exp(2n’//3). 


I'i  ={l±/l  +  2(in’/?)’]'" 
Thus,  for  l<r<s-f  I, 

Ar}  =  2/„(r). 

% 


such  that/^(r)  =  0  for  r<m,  and  for  r>m, 

(m-D!  1.0 

x{{r-  r,)’"i  (i(r)/S(r))"e'''-"’}, 
where/„(m)  =  0for/ii>  1. The  results  may  beexpressed  as 

rL(r)  =  2  CiCrnme'^'-" 


X  2  C,(m,k)ir~m)’‘  '. 


Forms  of  the  coefficients  for  1  <;m<5  are  given  by  Smith  and 
Henderson,’  whose  notation  we  follow  in  essentials. 

Tlie  cocflicients  C(m,A)  arc  listed  sequentially  for  the 
first  eight  shells  («i  =  l-8)j  these  serve  toconstruct/(r)  for 
l<f<9.  The  entries  through  C(5,5)  arc  equivalent  to  those 
of  Ref.  9.  The  symbols  needed  to  construct  the  sets  of  C’s  for 
particular  shells  arc  defined  in  advance.  The  C's  are  to  be 
evaluated  at  the  three  roots  i  =.  r,  ofS',  but  the/issuppressed 
in  the  following; 


— — - 1 

/I  =  2. /S',. 

S,  add  -in)’(’+  I2in(l  -in)r+  18ir. 

Sj  a  6(  1  -  in)’/  +  12in(  1  -  uO.  S,  a  6(  I  -  m)’. 
i,  =  (l  +in/2). 

Cd,0)a|,  C(l.l)a/d. 

C(2,0)= -12invl/S„  C(2.1)=  -iS,/l  +  2/i,, +4,  C(2,2)  =  /4. 

C(3.0)  a  72w‘A  //Jj.  C(3.1)  =  d  ‘H}S\  -S,S,)~  hlS^iL  +  3/4, )  +  64,  (4  +  /4, ). 
C(3.2)  =  (6/4,  +  4(2  -  }lS,/S, )  |4.  C(3,3)  =  /4 
f),  a  I5S|  — 4S',S,,  Dj^L-hAtl.f,  Di  ^ ASy, 

D, =?L  +  }lL„ 

C(4,0)=  -288inVl/S'|, 

C(4,I)  =  5//l  'Sil2S,S,~iSi)  +A^D,D,  -2AL,D,D,  +  124 ’(34 +  2/4,), 

C(4.2)  a  [/+’/),  _  12(/).fl,  -4,fl,)14. 

C(4,3)  =  (30j  -  6/0,  )4  ’,  C(4,4)  =  4  ’/, 

E,  =7S,/-4S,. 

Ei=3E,SyS,S,  -2SiS\l~2lStl  +  2lSlS,. 

E,=3S,l-S„  E,=4E>SyS,  -2IS;/+  ISS'JS',, 

4,  =  2SiS,l~  9Sll  +  63, S^.  E^  =  5S,/  -  2S,. 

C(5.0)  =  -  864/(inV5l, 

C(5.1 )  =  5(E,A  ’  -  5E,A  >4,  +  20E,A  ’4?  +  24£',4  J  -  24/4} ). 

C(5.2)  =  -  5(E,A  *  -  \OE,A  %  -  24E^AE  \  +  48/4  J  )4, 

C(5.3)  =  5(45/(  ’  +  6E^AL,  -  24/4  ’  )4 
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C(5,4)  =  2(£’s/<  -  lOlL,  )Z.  >,  C(5.5)  =  - 1 

F,  =  27Sll-27S\S,--i6SiS)S,l'i^24SlSiS\  + 

=275jl-24S|S, -24SiS,S,l  +  l2S^StS]  -i-TSlS]!. 

F, =2SSll-2lSlS,  -  145iS,5,(-}.45',S{, 

Ft-2lSit~  12Sj5,  -  45, 5, t.  F,  =  2Sit-S„ 

C(6,0)  =  10368/(«rV(5Sf), 

C<6,l)  =  5(7f,/( ’-42^2/1'/,,  -  l20F./(*2.';  +90P,/)’Z,|  4-360F5^I,;  -  144Lf/), 

C(6,2)=  -5(7F./('-36F„('i,  •l-MF./l'i-;  -4S0F5/(t f  +  360t;j)t, 

C(6,3)  =  15(F./<  •' -6F,/I  ‘L,  +  eOFj/lij  - 80Li^)i^ 

C(6,4)  =  -  5(F,/( ^ - 24F,AL,  4- 60L\l)L  \ 

C(6,5)  =  5(F,4  -  6i,J)t ^  C(6,6) 

G,  =is]si  -  i8asis;5f  +4955,5.55  -29755, 

<?j  =G,M-725j555j  -3605{5, 55  +  2975,51, 

G,  =  85i53  -  1085,5,55  +  12555, 

(?.  =  45,5,  -  95|,  G,  =  G,/  +  12G,5,5j, 

G^  =5,5,  -  651,  G,  =  G.(52  -  G,5,, 

G,  =  G^t  +  35,52, 

C,  =72(555  55j  -360/5,5,55  +  297/55  -  165155  +  2165{5, 55  -  2705,55, 

G,„  =  7/52  -25,, 

C(7,0)=  -20736,l/(>7(55;), 

C(7,l )  =  35(G2/I  ^  +  7G,/I  %  -  42G„I  'L  f  ~  840G,/I  '2. 

+  840G./I'2.{  +2!6G„.,lt5  -  144/2,5), 

C(7,2)  =  -  3}(  -  G+l '  +  14C,/1  %  +  J(MG,/I  >L ;  -  840G,.I  -’2. 5  -  360G,„/I2,5  +  432/2. 5  )2., 
C(7,3)  =  -  35(G,/I.  +  84G,/I  'L,  -  252G,.I  'L  5  -  180G,„/I2, +  360/2,5  )2.‘. 

C(7,4)  =  -  140(G,/(  ’  -  7G.4  '2.,  -  9G|„/I2, 5  4-  30/2. 5)2.'. 

C(7,5)  =  35(G,/1 '  +  3G„./I2,,  +  18/2, 5  >2.  *. 

C(7.6)  =3(G,„/I  -  14/2,,  )C'.  Ca.1)  =  -L-l. 

22,  =952  +  2/5,,  2/2  =  35, +2/5„ 

22,  =5,  +  2/5,, 

22,  =  220//,5}525  5  -  1980/2,55555,  +  3861/2,5,55  -  80555!  - 386I55». 

//,  =  95,+/5„  //„  =  35,  +  5/5„ 

22,  =252  +/5„ 

22,  =  80/2, 5, '55  +  1 188/2^5,55  ~  198022,515  55,  -  386155/, 

22„  =  65,  + /5, ,  22,y=52+/5,, 

2/„  =  8/2,555,  -  120//,a5,55  +  16552/, 

22,2  —352  +4/5,,  22,,  =  35,  + /5,, 

22„  =  55/2,25,55  -  40//„55525,  +  85!55  -  19855/, 

2/„  =  92/25,52  -  4555,  -  455.!/, 

//,„  =  -2755/,  //„  =5,  - 45,/, 

C(8.0)  =  248832/l/tfV(355;), 

C(8,l )  =  -  35{//.//  ’  -  82/,/)  7,  +  50t//„/l  ’2)  5  +  1008//,,^  'L !  t  3360//„/I  X 5 

-  268822,,/i  *2, 5  +  m2H„AL  {  +  11 52/2. 5 ), 

C(8.2)  =  35(//,/(  ‘  -  144/2, 42!  %  -  504//,, 2I X  5 

-  2688//„2l  '2. ;  +  336022,4/1  X  5  -  SmH„AL  \  -  4032/2,5)L. 
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C(8,3)  =  -  105(3//, 'L,  +  224//,,^  ’L  J 
-448//|,/1-'L;  +  1680//„/l/,J  +  1344;/.  ;)i^ 
C(8,4)=  -35(3//,,/! ‘  +  64//, -224//„/(‘/,{ 

+  1344//„/li;  +  1680;Z,t)/.', 

C(8,5)=  -70(//,5/1  +84//„/ILj  +  lOSltJ)/,*, 

C(8,6)  =  14(//„.4  ‘  -  24//„Al,  -  84;/,  j )/,  ^ 

C(8,7)=  -7(ff„A  +  SlL,)L^,  C(8,8)  =  -/:’;. 
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Polydisperse  scattering  theory  and  comparisons  with  data  for  red 
blood  cells 

N  E,  Berger,  R  J.  Lucas, and  V.  Twersky 
Mathematics  Department,  Universityof Illinois,  Chicago,  IIUnois^)680 

(Received  15  May  1990;  accepted  forpublication  15  November  1990) 

Recent  results  for  low*frequency  scattering  by  polydisperse  distributions  of  correlated  low- 
refracting  particles  averaged  over  orientation  are  analyzed  numerically.  The  roles  of  shape  and 
correlations  (parameterized  by  c)  and  polydispersity  (specified  by  the  normalized  variance  d 
in  size  governed  by  the  gamma  probability  density)  are  investigated.  The  key  variable  is  the  net 
volume  fraction  w  occupied  by  the  particles.  The  incoherent  scattering  is  determined  by 
A  a::  PSic,d\w)  with  Psis  a  particle  population  factor  that  is  independent  of  w,  and  S  as  the 
fluctuation'Correlation  function  of  w.  Earlier  applications  of  monodisperse  [d  =  ())  theory 
emphasized  the  infiuence  of  c  on  the  peak  A  =  Ay^  and  its  location  w  =  iUa  in  order  to  invert 
ultrasonic  scattering  data  ofShung  and  his  associates  for  red  blood  cell  suspensions  under 
different  flow  conditions.  For  d>0,  comparable  curves  for  A(tt>)  decrease  more  gradually  with 
w  increasing  past  Wa  (because  of  additional  scattering  arising  from  polydispersity)  and 
thereby  provide  better  fits  to  data  for  the  more  controlled  flows  over  broader  ranges  of 
hematocrit. 

PACS  numbers:  43,80.Ev,  43.35.nf 


INTRODUCTION 

The  low -frequency  incoherent  scattering  (proportional 
to  A  A  PS)  for  correlated  distnbutionsofraiidonilyonemed 
luw-rcflccting  particles  dc{>ends  on  a  population  factor  {P) 
and  on  a  fluctuation-correlation  function  of  the  volume 
fraction  (a>}  occupied  by  the  particles.  A  recent  article'  gen¬ 
eralized  earlier  results'  for  identical  particles  (with  shape 
and  ».oiielations  parametrized  by  cj  toniixturesol  different¬ 
ly  sized  particles  by  applying  scaled  particle  statistical  me¬ 
chanic’s  theory'^  for  the  corresponding  isotropic  fluids  of 
hard  convex  jcirticlc's.  Fora  continuous  (polydisperse;  dis¬ 
tribution  in  the  size  variable  (R>  withnorniaiized  variance^ 
(based  on  the  gamma  piobability  density)  the  resulting  A  is 
specified  by  a  simple  explicit  form  5((,d;(u).  a  rational  tunc- 
tion  of  the  net  volume  fraction  u>.  The  population  factor  P, 
based  on  Rayleigh’s  results*  for  a  low-refracting  particle,  is 
Independent  of  w. 

Our  earlier  heuristic  applications  of  monodisperse 
(ri  A  0}  theory  to  invert  data  records  of  Sltung^  and  his  as¬ 
sociates  for  scattering  of  ultrasound  by  red  blood  cells 
(RDC)  versus  hematocrit  (lu)  under  different  flow  condi¬ 
tions,  emphasized  theinfluenceofcon  tliepeak  A  a  Aa  and 
Its  location  «« =  .  We  obtained"'  good  accord  with  major 

data  trends  of  the  more  controlled  flow  processes  for 
0<.a*5a>A  i- 0.1,  but  in  general  the  curves  were  below  the 
data  points  at  larger  w.  Tne  increase  of  the  discrepancy  with 
increasing  w  for  uniform  flow  could  arise  from  an  additional 
fluctuation  mahamsm  leading  to  additional  scattering,  and 


’  ihc  Dcpjrimwi  of  MaihcnwuwlScicnvts  Lojola  Uni>cr- 

Chicago.  IL. 


motivated  the  presen*  heuristic  applications  of  polydisperse 
theory'  For  d>0  comparable  curves  A(iu)  based  on 
Sic,d,w)  decrease  more  gradually  for  w  incrcas.ng  past  iua  . 
and  the  systematic  discrepancies  for  unifoi  m  flow  noted  eai  • 
licr’  are  reduced  by  taking  polydispersity  of  cell  size  into 
account  We  use  nonline.ar  least-squares'^  fits  for  data  re¬ 
cords  versus  tv  to  Isolate  effective  values  of  the  parameters, 
and  compare  the  resulting  curves  with  the  original  data  le- 
cords* 

III  the  following,  for  brevity,  wc  wnte  Fig.  6.4  for  Fig.  4 
of  Ref  6,  etc  Section  I  includes  key  forms  fui  three,  two,  and 
one  dimensional  scattering  problems  with  a  view  to  bioa- 
coiistica)  applic.ations  to  distributions  of  ceils,  aligned  fibers, 
and  parallel  tissues  To  emphasize  essential  features  and  in¬ 
dicate  restrictions,  wc  sketch  the  evolution  of  the  piesent  S 
by  comparing  the  original  result  for  correlated  identical 
spheres,**  the  extension  to  identical  nonsphencal  particles* 
averaged  over  orientation,  and  the  recent  generalization'  to 
mixtures  of  similarly  shaped  but  differently  sized  pariules. 
Section  11  specializes  the  mixture  results  to  polydisperse 
(continuous)  distributions  in  si..e  governed  by  the  gamma 
probability  density  function"' "  with  skewness  determined 
by  the  normalized  variance  d  (as  illustrated  in  Fig.  1  >.  Key 
features  of  are  displayed  in  F igs.  2  to7  for  ihree  and 

two  dimensional  problems.  Figure  8  illustrates  that  the  same 
valuesofA  ,  audit’ ,  car  arise  for  different  curves  generated 
by  different  sets  of  values  Section  HI  applies  Icasi- 

squarcs  procedures  to  obtain  effective  values  of  (F.c.d)  from 
theRBCdatarecords,**  Figuies9lo  !2overIaylhe resulting 
PS  curves  (shown  solid),  and  the  earlier  mo.iodisperse 
curves^  (shown  dashed )  obtained  by  emphasizing  data  near 
u\  ,  as  well  as  monodisperse  least-squares  curve’s  (shuwn 
dotted),  on  all  data  records  given  in  Ref.  6. 
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I.  KEY  FORMS 

The  low'frequency  differential  scattering  cross  section 
of  a  particle  with  acoustic  parameters  close  to  those  of  the 
emb^ding  medium  may  be  written  in  {1,2,3}  dimensions 

as^'^ 

a{$)  = 

Here  9  is  measured  from  ihe  direction  of  incidence,  and 
u  =  {width,  area,  volume}.  The  relative  parameters  C  and 
B'fcompressibilityand  inverse  massdensityforthesimplest 
cases)  are  complex  in  general.  For  radially  symmetrieparti- 
cles  with  R  as  the  half-width  or  radius  small  compared  to 
wavelength  (trl/k),  wehaveuee  {2f?,irR  ^rt/i  Vd}.  More 
generally,  we  use  /( as  a  siie  measure*  for  arbitrary  convex 
particles.  In  two  dimensions,  u  =  r*  (/!  *)  represents  an  area 
with  perimeter  s  =  t'  (,R)  and  average  radius  of  curvature 
7 = J/2ir,  such  that  sr/v  =  c>Co  =  2.  In  three  dimensions, 
u  =  /■(/?')  is  a  volume  with  surface  area  j  =  /  (/!  ’),  and 
7  =  r  t/i )  as  the  average  over  all  angles  of  the  mean  of  the 
particle’s  principal  radii  of  curvature,  for  such  cases, 
sf/o  =  c,<c„  =  3.  For  c  =  t,„  a  particle  is  radially  symmet¬ 
ric. 

The  incoherent  single  scattering  from  unit  volume  of  a 
central  region  ft.)  containing  an  average  numbci  t  (n) )  of 
identical  randomly  distributed  cuirelaicd  paiticles  is  pro¬ 
portional  to  a  and  to  the  variance  (fluctuation)  iti  particle 
number.  ThccurrespuiidingditTeienlialscalleiingciussscc- 
tion*  equals 

=  (2) 

wherc/j=  <«>/!',  is  the  number  density,  and 

IK=  1  .F,)J/i(f)r/l'  (3) 

is  the  correlation  (or  packing)  factor  with  h(r)  as  the  total 
correlation  function.  To  ftrst  order  in  />  it  follows  that 

ppi^  =  pt'it’  =  /’iu.  W=pl’,  F = p^', 

W 

where  is  uncorrelated,  and  increases  linearly  with  the 
volume  fraction  u>  occupied  by  particles  (convex  or  not) 
The  population  factor  F  =  /w  is  independent  of  w.  In  terms 
of  Fwe  rewrite  (2)  as 

^  =  PS.  S=niH'.  (5) 

where  S  is  the  fluctuation-correlation  function  (or  fluctu¬ 
ation  factor). 

To  emphasire  essential  features  and  indicate  restric¬ 
tions,  we  start  with  S  for  a  distribution  modeled  as  a  statisti¬ 
cal  mechanics  fluid  of  identical  hard  spheres.  Using  the 
scaled  particle  equation  of  state''  (identical  to  and  derived 
earlier  than  the  Percus-Yevick  equation  of  slate'* ),  it  was 
shown'**  that 


y  ir(l  -  up* 
(l-b2ra)*  ’ 
5.,  =00469 


It'. 


sT3-7 

12 


=0.129, 


(6) 


(which,  by  geometry,  also  applies  for  aligned  similar  ellip¬ 
soids).  Asm  increases  from  zero,5increases  relatively  steep¬ 
ly  loS^  at  Ki/i>  ond  then  decreases  more  gradually  to  zero 
(no  fluctuations)  at  the  unrealizable  bound  w  =  1  corre¬ 
sponding  to  full  packing. 

More  generally,  for  an  isotropic  fluid  of  hard  convex 
particles  (represented  by  c>c„  =  3)  averaged  over  orienta¬ 
tion,  it  was  shown*  from  the  corresponding  scaled  particle 
equation  of  stale’*  that 

y__  tad -111)* 

(1  -Ffc—  l)iii)*  ' 


4-Fc-F(4-f  20C-4-C*)'**’ 

For  given  iOa, 

,-l, 

iUaO+^iOa)’  (8) 

2«a  =  iOa  ( I  -  Wa  >‘(  1  -b  iu>A  )V4, 

For  c  increasing  above  3,  the  values  of  Sp,  and  tVf,  at  the 
peak  decrease  below  the  values  in  Eq.  {(>).  However,  we  also 
considered  3^  foimally,  in  which  range  increases  to 
4/27  and  Such  larger  values  could  be  interpreted 

physically  as  arising  from  additional  neighbors  at  small  sep« 
arations  of  particles,  by  comparison  of  leading  terms  of  S 
with  the  first  two  vinal  coeilicients  for  moie  attractive  w  eak 
1>  lepulsivc  models  than  (he  haid  model  Cunaltiactivc  at  all 
separations  and  repulsive  on  contact ). 

Foi  an  N'component  isotropic  Huid  ofsiniilaily  shaped 
(samcc)  but  diltcrcntly  sized  (R,  for  i  a  1  to  N)  hard  con* 
vex  particles,  the  analog  of  Eq.  (2 )  involves  the  covariance 
of  the  numbers  of  Mype  and;*iype  panicles.  Thus' 

-  (n,)(n,)\/V, 

“fXwv®'';  (9) 

where />,  =  (lb)/!',  iv  the  partial  number  density  (le.. 
2Fi=F)>“"‘' 

(10) 

in  terms  of  the  Kronecker  della  and  the  partial  correlation 
lunctions.  The  key  variable  ts  the  net  volume  fraction 

«’=2f.'’-=f2^‘’.-f<‘’>'  f  =  £f.-  (>i) 

I  Icnceforlh,  we  use  the  angular  brackets  only  to  indicate  an 
average  over  size. 

To  lowest  order  in /),  the  analog  of  Eq.  (4)  is  given  by 

^u~p'2,P,%  =Pp{<^)  —p[.(.ir)/{i}})w  =  Pw.  (12) 

and  the  analog  of  Eq.  (5)  may  be  written  as 

^~PS,  F=pv,  v2(i’*>/(i')>(t>>,  (13) 

where  F  represents  a  population  factor  that  is  independent  of 
in. 

AH  averages  over  size,  e  g.,  as  in  Eqs.  ( 1 1 )  and  ( 1 2) ,  can 
be  expressed  in  terms  of  the  moments  of  the  size  distribution. 
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<R")- 


p  Jo 


FiRyR-dR. 


(14) 


Here  f  (/! )  is  a  set  of  weighted  delta  functions  for  a  discrete 
N-coniponent  mixture,  or  a  probability  density  function  for 
a  continuous  (polydisperse)  distribution. 

From  the  scaled  particle  chemical  potentials  for  mix- 
turesbf  convex  particles'  *  (potentials  which  for  spheres  are 
identical  to  those  obtained  from  the  earlier  Percus-Yevick 
equation  for  mixtures'* ),  it  was  shown*  that 

wd-iu)^ 


S  =  - 


—  [(1  ~w)‘ 
(1  +  (C-  Dm)' 

+  ( 1  -  w)uv2A  +  w‘c‘B  I, 

,  ,  {R‘HR^) 

'  (R'HR”)' 

,  2(R‘){R')  {RV 


(15) 


<«')(«'’>  <«'>*</?'■) 

In  Eq.  ( 1 5),  5 equals  the  one-component  form  as  in  Eq.  1 7) 
plus  two  additional  terms  that  depend  on  the  size  distribu¬ 
tion  and  decrease  more  slowly  as  iv  increases:  the  first  term  in 
brackets  reiluces  rapidly  to  zero  with  increasing  w,  the  sec¬ 
ond  term  is  parabolic  around  m  =  1/2,  and  the  third  term 
increases  as  nr.  The  value  c  =  3  corresponds  lo  mixtures  of 
spheres  (or  aligned  similar  ellipsoids).  Forlheonc-conipo- 
iienl  case,  the  ratios  involving  the  moments  equal  uiiily,  and 
A=B  =  Q. 

The  corresponding  two  dimensional  result  (based  on 
the  scaled  particle  potentials  for  convex  disks' " )  is  given 
by* 

„  ie(  I  -  III)' 


/(  =  1- 


1-Kc-  Dll’ 

{RV 


(d  -II')  •bii’C/l  I, 


(16) 


iR'XR') 

III  Oq,  ( 16).  5  equals  the  one-coniponcnl  form  discussed 
earlier,'  plus  an  additional  term  that  depends  on  the  size 
distribution  and  decreases  moregradually  with  increasiiigii’. 
The  value  c  =  2  corresponds  to  mixtures  of  parallel  circular 
cylinders  (orsimilarelhplic  cylinders  with  aligned  principal 
diameters).  For  the  one-component  c.ise,  the  ratio  involving 
three  momenis  reduces  to  unity,  and  A  -  0;  then* 

11’,.  =  1/(2  -hd  -h  3c)''-’l.  c=  1  -Pd  -  411’,,  )/3ii-5.. 

-Sa  =3n’'Ad-ii'A)'. 

For  the  one  dimensional*  case  (based  on  exact  hard-rod 
statistical  mechanics  results,  which  either  the  scaled  particle 
or  Percus-Yevick  theory  reproduces), 

5'=iud-ui)';  ii>a=I/3,  5a  =4/27.  (17) 


This  form  of  S  foi  parallel  slabs  is  independent  of  the  size 
distribution,  and  is  also  the  special  result  obtained  from  ei¬ 
ther  Eq,  (15)  or  Eq,  ( 16)  for  c  =  0,  Except  for  Eq,  ( 17), 
which  is  valid  for  ii  —  1,  no  upper  realizable  bound  is  known 
analytically  for  any  of  the  cases  considered.  To.  identical 
spheres,  measurements  show  that  the  upper  bound  approxi¬ 
mates  0.63,  and  for  circular  cylinders,  the  analog  0.84  is  also 
an  approximation  based  on  measuiements,  sec  citations  at 
Ref.  9. 


Results  for  the  single  scattered  differential  scattering 
cross  section  i,(d)  =p{0)vS,  provide  analogs  for  the  total 
scattering  cross  section.  A,  by  integrating  over  all  appropri¬ 
ate  values  of  ft  Thus  in  { 1,2,3}  dimensions. 


A,  =/»,v5=P,5, 

(II) 

and  the  corresponding  absorption  coeflicient  equals^ 


peapT  — <?„  =  (ImC'-f  IlmR'Dink.  (19) 

P 

The  sum  y  -f  A,  =  21m  is  the  allenu,alion  coeilicient  |itr 
unit  length  for  the  coherent  intensity,  and  Re^  =  A' 
■F  Rc(C'  —  B')wk/2  specifies  the  associated  phase.'*  The 
multiple  scattered  version  of  A(0)  is  proportional  to  expo¬ 
nential  translational  factors  in )  and  A,,  and  such  factors  as 
well  as  transducer  factors  are  required  to  determine  A  ( 9)  by 
measurements,  eg.,  by  the  Sigelmann-Reid  substitulion 
method.'*  Tlic  region  F, ,  introduced  for  Eqs.  (2)  and  (9), 
corresponds  to  a  homogeneous  region  in  which  the  same 
v,iluc  of  It’  is  appropriate  not  only  for  A(9)  but  also  for  the 
translational  fiictois  that  account  for  altenuation  of  the  inci¬ 
dent  and  radiated  fields  in  passage  through  the  distribution. 


II.  POLYDISPERSE  DISTRIBUTIONS 

The  forms  ( 13)-(  17)  can  be  applied  lo  discrete  N-coni- 
poiieni  (binary,  ternary,  etc.)  mixtures,  or  lo  polydisperse 
c.ises  (parabolic.  Gaussian,  cle.).  Essenli.illy  as  before,  we 
consider  the  gamma  probability  density  ftnielion'" 

F(R)  =  -^{PRY'  'cxp( -/)/;)!  R>0P>0.a>0. 
Via) 

(20) 

where  r(«)  s  (a  -  !)!'(«-  1)  U  the  gamma  function,  if 
a  -  Us  an  inicgcfa  tlicn  Fh  also  known  as  the  SchuU  den 
$ity  function,"  but  tlic  restriction  is  not  appropriate  for  data 
inversion  purposes.  Using  Eq.  (20)  in  Eq.  (M)  yields  tlie 
corresponding  moments 

(/?■*>=/?  "{rt(i  +«)(2  +  a)...((«  -  I)  -i-al}. 

(21) 

Equivalently,  in  terms  of  the  mean  value  (^)  and  normal* 
ized  variance  (//), 

{R)^a/0^K  ((K-')  -/;-')/« (22) 

we  obtain* 

=  4- rf)(l-f2rf)..,n +  («-!)(/]  (23) 

nhiUi  mdiwtes  cApIicUly  how  all  moment:*  ink/iea^c  wah 
increasing  R  and 

For  d\U  the  maximum  value  of  F  ts  attained  for 
so  that  the  distribution  IS  skewed 
positively*  small  d,  /  is  Gaussian  around  »  d  ti-0, 
then  Rr,  -/{  and  F^Si^R  -  R}  to  reproduce  ojie-eoinpo- 
nent results, Foi ^  l,Fredueeslo [expt  ~R/R^l/R  lor 
the  simplest  Poisson  ease*  Rcprescmativcploisof/arcgivcn 
in  Fig,  I, 
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8* 


FIG.  1.  Plotsofthegamnu  probability  density  function /1(^)  normalized 
v>ihat  1  wnh  das  the  parameter.  The  higher  curvcsal/?#  I  apply 
for  the  smaller  salues  of  d  i»002S.  005. 0.1. 0.25. 0  5  and  1.  As  d  ap< 
preaches  zero,  f  approaches  /R  ~  I )  corresponding  to  the  monodispersc 
case. 


FIG.),Thethrec-diincnsion4l5(<.d.u')  ofEq.Ub)  fort  =  JOwithdung- 
ingffomd=:00forthelovkcsuurvetod=  1.0  foi  the  highest  mstepsof 
0  2.  For  hard  particles  the  value  c  -  J  corresponds  to  spheres 


] 

I 


In  terms  of  R  and  r/,  the  averages  of  o  in  {1,2,3}  dimen¬ 
sions  are  given  by 

{v,)=V,m==2R,  <i>,>=Vj(/()(l+rf), 
<v,>=l',(A)(l +</)(! +2rf). 
and  we  write  the  corresponding  forms  of  i-  =  (i>®)/<v>  as 


I'l  =  (Vi>(l +i/). 

>■.  =  (Pi) 


(l+2</)(H-3</) 


(I  +  rf) 
(l+3r/)(l+4rf)(|  +  5(f) 

(I +'</)(! +  2rf) 


(25) 


Data  for  w  and  for/)  determine  (p>  =  w/p. 

For  distributions  of  particles  with  size  governed  by  f  of 
Eq.  (20).  wc  obtain  two-parameter  forms  of  Fqs.  (15)  and 
( 16)  in  terms  of  c  and  d,  and  display  their  coupling  interac¬ 
tions  graphically  in  Figs.  2  to  8.  To  delineate  curve  sliapes, 


FIG  Z.  Plotbi  the  ihrcc-dimcnMonal  huvtuait(xi-c'uirelalion  iunvtion 
5(<,d,tt>  ofEx}  t2b>  versus bolume fraction u' ford -0.2  with f  ranging 
fr<«n  10  (the  highest  curve)  to  50  (the  lowest)  >n  steps  of  1 0 


wc  plot  for  the  complete  range  of  ii>  from  0  to  I. 

For  the  three  dimensional  case  Eq.  ( 15)  in  terms  ofEq. 
(23),  we  have' 


S(f,d;u>)  =  ■ 


ip(l  —  It')’ 


1(1 


wr 


(I  -Ko—  l)«'| 


FIG.4.Peak5‘  and  ns  location  u'  fori'ofEq  (26)bcrsusd.Theparam- 
etei  4.  iangofromOO  tihe  hi^iesi  curve  meach  pan*  1>  to  5  0  tthc  ioweso 
m  steps  of  1 0  For  c  ^  0.  the  sUb  results  S  =;  4/27  and  u’  =•  l/i  are 
independenloft/ 
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FIG.  5  The  twcHlimcmional  flucluation-correlaJion  funtlion  Sied.w)  of 
Eq.  (27)  for</»02^^IlheMnfmgfrom  1 0(for  ihc  highest  curve)  to  50 
(the  lowest)  in  stei^of  1.0.  The  value  2  corresponds  to  hard  circular 
cylinders. 


It  is  clear  by  iiispcciton  of  Eqs.  (26)  and  (7)  tliat  thcaddi* 
tional  terms  in  d  reduce  the  faliofT of^'witli  increasing  uvand 
perturbation  expansions  for  small  d  indicate  that  for  given  c 
the  peak  and  its  location  have  values  larger  than  and  iua 
ofEq.  (7).  Figure  2  plo(s6*(c,0.2;<y)  withe  as  a  parameter 
as  c  increases  from  1  to5,thcpcak^A  decreases  from  0-19to 
0.044,  and  Wa  decreases  from  0.22  to  0.14.  Figure  3  plots 
SOtd;w)  with  (/as  the  parameter:  as  (/increases  from  0  to  I, 
the  peak  .Sa  increases  from  0,047  to  0.067,  and  iua  increases 
from  0.1 3  to  0.2.  The  value  c  =  3  was  chosen  to  stress  that  a 
polydispcrse  distribution  of  splicres  gives  rise  to  a  higher 
peak  at  a  larger  volume  fraction  than  predicted  by  the  mono* 
disperse  results  Eq,  (6).Figure4plots5A  andt^A  vsr/with 
cas  the  parameter,  the  horizontal  lines  fou  &  0  arc  the  s,inic 
as  for  the  one  dimensional  case  Eq.  ( Hi*  Foi  m  Ub)  and  the 
related  curves  are  appropriate  for  suspensions  of  cells,  at 
least  for  cases  where  the  cells  correspond  to  randomly  on* 
ented  hard  conve.x  particles. 


8 

o.  --  --  — J-  -  .  .  . 

0  0.2  0  4  o' 6  ^8  } 


FIG  7  Peak  ,y  and  Its  location  M’  for5ofKq  (27)  ssd  Theparametci’t 
rangfsfromOOtihchighcsUurve) io50 (ihclowcstj m'tepsof  J 0  The 
results  for  e  -  Oarc  as  dtscu^sed  for  Fig.  4 


Analogous  results  for  the  two  dimensional  case  ( 16)  m 
terms  of  Eq.  (23), 

id(l-K»)^  [,,  ,  uxd 


S(Ctd;w)  =  - 


{ I  •  U')  + 


l-f3(/l 


(27) 


1  +  (c-  Dm  I 
are  displayed  m  Figs,  5  to  7.  Form  (27)  and  the  related 
curves  arc  appiupriate  fui  paialtel  fibers,  at  least  fur  hard 
convex  cases. 

Figure  8shossscuises  for  A(m)  based  on  Eq.  (26> 


FIG  6  The  two-dimensional  SofEq  (27)  forc^  20with  Jrangingfronx 
0.0  for  the  lowest  curse  tod  -  1 0  for  the  highest  in  stepsof  0  2 


o 


FIG.8.PIotsof/’5bascdontheihree-dimensional5(c.<4«')ofEq  (2t>) for 
several  sds  of  {F.c,d)  w  hich  yield  the  same  A  at  w  From  the  highest 
«irve  to  ihe  lowest,  the  values  used  are  (F.c.d)  -  {142  7  0.0  18}, 
{U2AO.Ot5>,  {U5,50.0i*>.  (i  15.4 0.000}, and  {107.3  0.00}  The 
last  ict  correqKMids  to  identical  spherev 


\ 
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that  indicate  the  same  values  of  and  can  arise  for 
different  curves  generated  by  different  sets  of  values  {P>c,d}. 
The  curves  are  practically  indistinguishable  for 
0<w<w^  4*  0.05,  and  only  theshape  of  the  lowest  curve  at 
relatively  large  values  of  w  enables  us  to  identify  the  original 
curve  for  monodisperse  spheres  (as  in  Fig.  21,  Ref.  9, 1967 ), 
No  simple  inversion  procedure  emphasizing  data  near  the 
peak  suffices,  and  scattering  data  at  large  luis  essential  if  the 
parameters  Fand  d  that  specify  cell  population  (cell  volume 
and  sizedistribution  for  given  C '  and  i? ')  cannot  be  obtained 
by  more  direct  methods 

III.  COMPARISON  WITH  DATA 

Shung  and  his  associates*^*’'^  obtained  extensive  re* 
duced'^’  data  records  for  ultrasonic  biickscattcring  (A)  vs 
hematocrit  (equated  to  w)  for  bovine  and  human  RRC  sus* 
pensions  under  different  flow  conditions.  Each  data  record 
for  05w^0.5  shows  a  marked  peak  (A^^)  at  a  value 
i4>  =  «>a  .>0.13,1  e.,atalarger«>A  lhanexhibitedby5of(6) 

lor  identical  haidsphcres."  Wcapplied’  Eq.  (8i  heuristical- 
ly  to  all  a\ai]able  data  records'’ and  obtained  initial  estt- 
matcsc(u>A  landF  —  Aa/^a  .  that  were  sharpened  by  con¬ 
sidering  all  data  points  with  explicit  bias  ( ED  j  on  those  near 
the  peak,  and  then  lefiiicd  to  determine  a  common  value  of  P 
loi  each  cell  population  subjected  to  tluec  oi  t^vo  Jiffeient 
flow  pioccsses.  The  piesent  aiticlc  lestiiclscoiisideiaUon  to 
Rel.  b  vvtucii  piovides  the  most  compreliensoe  data  under 
conditions  svhich  niimniize  form<dion  <if  ciuclcrs 

The  dashed  curves  in  Figs.  9  to  12  show  ED  fits’  to  all 
the  data  ic-cuidsof  Kef.  6  for  RDCs  in  isotonic  s«ilinc  foi  four 
diffctcnt  prvKcsscs.  uiiildim  oi  turbulent  (/)  flowing 
suspensions  iiiaconduii  system,  and  staltonaiy  V'SJ  or  stated 
o  >  conlined  suspensions.  Figuics  9  to  11  coiiespond  to  two 
dilTciem  bovine  cell  populations  with  nominal  value*' 
F(.-2.57aIO  ^  tin  cm  '  sr  j.  Fig.  9  for  the  smaller 
cells  shows  ilic  thiccdala  rccoids  of  Fig.  b.5  and  the 


no  |{acl.waUcnngdalJofrig.65Ue.ofRef  6,Fig  5)forho\iner<d 
b^»^l^<;lUmsallneu«defCurbul^nlflo\\  (cqiMresJ.siaitonary  (lrun|lf>), 
anduiiiformflo'A  (circlfv)condiiK>UNComf«r«Jwnh/’5*uoes\<r>uvv<4* 
ume  Iraeiion  ic.  (The;  flow  rale  60  ml/s  appfKs  f»  *  both  flow  processes,  and 
*htJu4ue>Ky  7  ■  .Ml{i>4iidiempciaii.>i«..!.t  '-atsujpply  h\  subs<t{ueMt 
Thv  Eli  vujses  ol  7  t  tshywn  daslnslt  aie  based  **n 
P  t  7  \  10  ^  0.and<  -  tl  t.l  5.2  t>forihehigheslA«t. 

nai.andiowtsi.K-Npesuvei)  ThcdouedmynodisperseLbvursesarebascd 
on  F  1  64  .  10  d  0.  and  e  -  1 1  OtJ  35.1  77^  The  solid  rol)dtv 
perse  LS  vurses  arc  bas^J  on  T  -  J79\10  \  and 

<  -  1 1  5U.2  03.2  74;  The  trends  ^4  the  t  sets  arc  eonsioetii  lor  all  sels  oi 
sorsv>  t  lh<.douedtSeurseNuse44  parameici  ieasj-vjuareshiotaUdata 
[HsmiviaEq  (7).andihesolKlusea5*paramderfitia(26)  | 


FIG  10  Compansonoffycufvcswithuniformflowscatttnngdalaofrig. 
6-4  for  larger  twvtnccclU  lhan  m  Fig.  9,  Ihc  circled  points  are  averages  of 
five  measurements,  and  the  verlical  segments  are  the  standard  deviations 
TheEBcurscofFig  7.}<showndashed)i>basedonP“2xlO  *.d  =  0. 
ande*  2  i.  the  dotted  LS  curve  is  based  on  1  9tx  10  \  f/^O.and 
t  =  i.765.  the  solid  polydispesse  LS  cuive  is  based  on  /*=  2a  10 
Si  007.  and  2,43. 


EDcurvcs  (dashed)  of  Fig,  7.1.  Figs.  10  and  1 1  for  the  larger 
cells  show  then  daUof  Fig.  6.4  and  the  ED  curve  (dashed) 
of  Fig.  7.3,  and  a  and  s'  data  of  Fig.  6.8  and  ED  curves 
(dashed)  of  Fig.  7.4.  Figure  12,  corresponding  to  human 
RBC  with  nominal  P*  =s  5.17  a  10  ^  shows  s  and  s'  data 
of  Fig,  6.9  and  EDcurvcs  (dashed)  oi  Fig.  7.10.  Except  for 
the  stirred  suspensions  (foi  which  the  anomalous  range  of 
low  data  pointssuggested  a  vortex  mhoniogeiieily'’  and  weic 
discounted  m  the  fitting),  the  ED  monodisperse  [d  ^  0) 
curves  arc  in  accord  vvith  the  major  data  trends  to  at  least 
««J5W»a  •hO.I. 

Tlic  consistency  of  the  uniform  flow  process,  and  the 
discrepancy  of  the  ED  curves  (too  low)  at  luigc  it’,  were 
highlighted  by  Fig.  7.5  whichcompares  u  rccordsofFjgs.6.4 
and  6.5  with  coircsponding  ED  cuives.  The  systematic  m- 
ciease  of  the  discrepancy  with  tncicasinguj  could  arise  from 
an  additional  fluctuation  mechanism  leading  to  more  scat¬ 
tering  than  mdiealed  by  the  monodisperse  S' ofEq.  (7).  The 
effects  of  polydispersity  shown  by  S{c,d;w)  of  Eq.  (26) 
would  adduce  the  falloff  with  increasing  tu,  and  motivated 
the  present  heuristic  applications.  Preliminary  computa- 


Flo  it  DjUoI  Fig.bSiot  vtdtionut)  thighei  (x»niv>  anU  vuuvsi bovine 
c<IWlnvll^^.ewrr^^pondlng  to  Fig.  iOvompar^  with  fSturv<s  For  the 
EB  curvrv  of  Fig  7,4  (shown  dasheUi.  P  =  2x10  \  d-0,  and 
i  -  t0.95.i  5>  for  the  h<gh<i  und  lowci  respectively,  foi  the  doited  LS 
cunesP-  19UI0  ',<f-0,4nd<  s  (0SI8.1  520).foflheM)lidpolv- 
divpervccurvevP  =  2 X 10  ‘.d  — 007, and (1085.2023)  Theircndc 
oltheccctsolFigv  lOand  liaieconMctenlfoi  alt  three  setcofeurvev  iThe 
LSvurvesfotihe three datarecordiinFig  iOpluvFig.  It. weie obtained u', 
for  fig  9 ) 
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FIG  12  DataofFig  6  9  for  stationary  (higher  points)  and  stirred  human 
red  blood  cells  m  saline  The  EB  curses  of  Fig.  7:10  (shos^rs  dashed)  are 
based  on/*«3bxi0  OJOPj, .  </ »  0.  and  c  « <  1 , 1  25  >  for  the  higher 

and  lower  curve,  respectively.  The  dotted  LS  cujves  ate  based  on 
F  =  3  74a  10  ^d~0.andt  —  (1.101,1  523)  (Stained  from  a3  paiam- 
etcr  LS  fit  to  all  data  points.  The  solid  curve  for  the  stationary  process  is 
based  on  a  3*paranietcr  LS  fit  for  Pw3?5XlO  \  and 

Ci±>  1.455;  these  same  vatuesotPandd  were  used  iorthesolidcurveloT  the 
stirred  process  in  a  ^parameter  LS  fit  fon  «  2  077. 


tions  for  rf  >  0,  and  (he  curves  m  Fig.  8,  dcmoustralcd  that 
any  inversion  procedure  emphasizing  data  near  the  peak 
would  yield  ambiguous  results  for  {P,c,d},  data  points  at 
large  la  were  essential.  IVc  obtained  rcpresciiiaiive  values  for 
the  effective  parameters  by  fitting  to  all  data  points  of  the 
records  using  mulliparameter  nonlinear  least-squares  (m- 
LS)  procedures.''  The  solid  LS  curves  m  Figs.  9-12  resulted 
by  fitting  10  Eq.  (26);  the  dolled  LS  curses  obtained  by  fil¬ 
ling  to  ^.  ( 7 )  arc  included  to  distinguish  the  cffccls  of  poly- 
dispersity  from  artifacts  of  the  fitting  procedures. 

Although  there  are  only  three  parameters  {FiC.rf}  in  the 
polydispeise  based  on  Eq.  (26),  and  each  da(a  record  of 
Ref.  6  can  be  beOer  fi((ed  by  a  3-LS  roudiie,  (he  se(  of  (hrec 
solid  curves  m  Fig.  9  for  one  cell  population,  and  the  set  of 
three  in  Figs,  10  and  1 1  for  the  oilier,  were  obtained  by  a 
generalized  (2  -)-  3)-LS  rouune.  Thus  all  data  points  in  Fig. 
6.5  for  Ihc  smaller  cells  svere  filled  lo  isolate  common  values 
ol  Fandd.and  thrcedistinci  valucsol  crepresentaiivcofthc 
llirecdifferem(tt,s,()  process.  The  (2  3)-LS  routine  mini¬ 
mized  the  total  sum  of  the  squares  of  the  errors  betw  ecu  data 
points  of  all  three  records  and  three  corresponding  curves 
based  on  PS  of  Eq,  (26);  sec  the  Appendix.  The  same 
(2  -h  3)-LS  procedure  was  followeil  for  the  larger  cells  of 
Figs.  b:4  and  6.8  lo  isolate  common  values  of  F  and  it,  and 
three  values  ofc  representing  the  dilfercnl  tw.i,j )  processes. 
Similarly,  for  the  dolled  LS  curves  based  on  the  two  param¬ 
eter  monodispcrse  form  for  d  =  0,  we  used  a  1 1  -p  3)-LS 
routine  lo  isolate  a  common  P  and  diflerenl  values  of  c. 
These  values  provide  checks  on  the  consistency  of  trends  in 
c,  as  well  as  more  appropriate  curves  than  the  ED  curves  for 
assessing  the  role  of  the  polydispersity  parameter  d. 

Belter  fitting  curves  were  obtained  for  each  of  Ihc  six 
bovine  data  raords  by  an  independent  3-LS  routine,  but 
some  of  the  values  of  d  were  unrealistically  high  (e.g.,  as 
large  as  0.35)  for  distributions  of  individual  RBCs,  and  the 
trends  in  P  and  c  were  erratic  as  compared  with  trends 
shown  by  corresponding  2-LS  values  obiained  lor  d  =  0. 
Since  the  (2  +  3)-LS  values  of  Fund  dare  based  on  all  data 
poimsof  three  data  recotds,  they  coi  respond  lo  a  population 


sample  essentially  three-fold  larger  than  for  a  single  record, 
and  we  may  expect  them  lo  be  more  representative.  For  the 
(2  +  3)-LS  effective  parameters,  the  values  of  d are  less  than 
0  09,  and  the  trends  of  c  for  the  different  processes  are  consis¬ 
tent  with  the  trends  of  the  ( 1  -(-  3  )-LS  and  EB  monodisperse 
values. 

Figure  9  shows  that  the  differences  between  the  solid 
and  dotted  curves  for  turbulent  and  stationary  processes  are 
minor,  but  the  solid  curves  are  somewhat  better  for  w<^w^ 
and  for  large  to.  For  the  uniform  process,  the  solid  curve  is  by 
far  the  belter.  Comparison  of  the  two  LS  curves  for  uniform 
flow  delineates  the  marked  improvement  of  the  overall  fit 
arising  from  the  inclusion  of  polydispersity  in  the  theory, 
and  the  effects  of  an  additional  parameter  in  an  LS  fit  of  data 
lo  a  more  suitable  curve.  ThesameappliesiiiFig.lOforthe 
larger  bovine  cells  in  uniform  flow.  In  Fig,  1 1  thedifferences 
of  the  solid  and  dolled  curves  for  the  stationary  process  arc 
minor,  for  the  stirred  process,  none  of  the  curves  is  suitable 
for  fitting  the  anomalous  sigmoid, il  set  of  data  points. 

Figure  I2,  the  human  cell  analog  of  Fig.  1 1,  also  indi- 
c.'iteslhal  Ihesurrcd  process  is  anomalous.  The  (2  +  2)-LS 
routine  for  common  values  of  Fand  d,  and  two  distinct  val¬ 
ues  of  c,  gave  an  unrc.vliz.vble  negative  value  of  d,  as  did  an 
independent  3-LS  routine  for  the  stirred  data  points.  Conse 
quenlly.  although  the  dotted  curves  for  d  -  0  correspond  to 
a  ( I  -(•  2)-LS  fit  for  both  data  records  in  Fig,  6  9.  the  solid 
curves  do  not  correspond  to  a  simultaneous  fil  for  both  data 
records.  The  solid  polydisperse  curve  for  the  4  data,  based  on 
an  indepeiidciit  3-LS  routine,  is  belter  than  the  others  at 
large  w.  The  solid  curve  for  the  s'  data,  based  on  the  4  values 
of  P  and  d  111  a  I  -LS  fit  for  c,  serv  es  primarily  to  display  the 
anomaly  more  symmclrically. 

Thus  polydisperse  scallcring  theory '  provides  marked 
ly  belter  accord  foi  all  m  than  monodispcrse  theory’  for  the 
uniform  Row  process,  and  somewhat  better  accord  for  the 
turbulent  and  stationary  processes.  However,  we  maiiuam 
our  cailier  detailed  rcseivations’  on  the  heuristic  applica 
lions  of  theory  developed  for  homogeneous  distributions  of 
similar  hard  convex  particles  to  the  different  processes'’ m 
solving  flexible  defornniblc  biconcave  discoids.  In  addition, 
although  the  present  unweighted  LS  inversion  routines  are 
more  systematic  than  the  earlier  EB  procedure,’  more  suit 
able  weighted  LS  routines  could  be  evolved  by  experimenla 
lists  working  with  statisticians.  The  effective  values  of  the 
parameters  vve  isolated  by  the  present  procedure  aic  sufli 
ciently  representative  to  help  delineate  major  data  trends  of 
the  more  controlled  processes  for  the  full  ranges"  of  in  that 
were  considered. 
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APPENDIX;  NONLINEAR  LEAST-SQUARES  ROUTINES 

All  le,ist-squares  curve  fitting''  was  done  with  IMSL 
loo  subroutine  BCL5F  which  solves  a  nonlineai  least 
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squares  problem  subject  to  bounds  on  the  variables  using  a 
modified  Levenberg*Marquardt  algorithm  and  a  finite-dif¬ 
ference  Jacobian. 

In  order  to  fit  a  data  record  (a  set  of  data  points  for  a 
particular  cell  population  involved  in  a  specific  flow  pro¬ 
cess)  of  Ref.  6  by  a  curve  based  on  Eq.  (26),  this  iterative 
routine  required  upper  and  lower  bounds  on  the  values  of  the 
parameters  {P,c,d}  as  well  as  initial  guesses.  It  was  sufficient 
to  take  Pand  c  as  nonnegativc  and  d  in  the  range  —  0.1  to 
0.7,  Practically  any  such  values  of  P  and  c  could  be  used  as 
initial  guesses  for  d  =  0,  and  the  resulting  values  of  /^and  c 
were  then  used  as  initial  guesses  to  determine  for 

d^O. 

For /I  sets  of  data  (/is3)  on  the  same  population  of  cells 
we  fitted  to  n  curves  based  on  Eq,  ( 26)  for  2  -f  n  parameters, 
i.e.,  we  assumed  that  all «  curves  had  common  values  of  P 
and  d,  but  that  each  curve  had  a  diflerent  c.  The  routine 
minimized  the  total  sum  of  the  squares  of  the  errors  between 
the  data  points  of  all  n  sets  and  their  n  corresponding  curves. 

The  routines  for  either  d^sOord^O  were  extremely 
stableand  insensitive  to  initial  guesses,  and  converged  rapid¬ 
ly  (in  10  iterations  or  less)  to  unique  output  values  of  P.  c, 
and  d. 

A  4-paramctcr  fit  to  all  stationary  and  stirred  data 
points  for  human  cells,  and  a  3-parametcr  fit  to  just  the 
stirred  data  points,  gave  unrealizable  negative  values  ofrfas 
outputs.  Wc  settled  for  a  3*parametcr  fit  to  the  stationary 
points,  and  used  the  resulting  values  of  Fand  r/iii  a  l-param- 


eter  fit  to  the  stirred  data  to  determine  the  corresponding  c. 
See  caption  for  Fig.  12. 
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High-frequency  reflection  and  scattering  by  multicomponent  rough 
surface  distributions 

R.J.  Lucas’’  andV.  Twersky 

Mathematics  Department,  VniversttyofllUnois,  Chicago.  lUirtois 60680 
(Received  23  July  1989;acceptedforpubIication4January  1990) 

Earlier  forms  for  the  coherent  reflection  and  incoherent  scattering  by  multicomponent 
mixtures  of  bosses  on  rigid  or  free  bak  planes  1 V.  Twersky,  J.  Acoust,  Soc.  Am.  29, 209-225 
{ 1 957 ) )  are  applied  to  recent  high-frequency  results  for  aligned  hemiclllpsoidal  bosses  (R.J. 

Lucas  and  V.  Twersky,  J.  Acoust.  Soc.  Am.  83, 2005-201 1  (1988) )  to  investigate  continuous 
distributions  in  boss  size.  Approximations  for  the  coherent  reflected  intensity  and  incoherent 
diflerential  scattering  cross  sections  are  obtained  in  terms  of  integrals  of  simple  functions  and  a 
general  probability  density.  To  provide  illustrations,  numerical  computations  and  graphical 
results  are  based  on  truncating  the  two-parameter  gamma  probability  density  function 
P(t;m,v)  with  r  as  a  dimensionless  variable  that  scales  one  or  more  boss  dimensions,  m  as  the 
mean  value  of  I,  and  v  as  the  normalized  variance  (ranging  from  zero  to  unity).  For  v  small,  P 
is  Gaussian  and  reduces  to  a  delta  function  as  v  approaches  zero  (to  reproduce  one-component 
results).  More  generally,  the  curve  of  P  is  skewed,  and  as  »  approaehes  unity  F  reduces  to  the 
exponential  for  the  simplest  Poisson  case.  Graphs  are  shown  for  cases  where  one  (e.g.,  keel 
depth),  two  (e.g.,  base  axes),  or  all  three  dimensions  of  the  protuberances  are  randomized. 

The  essentials  are  indicated  by  plots  versus  angle  of  incidence,  with  t>  as  the  parameter.  The 
coherent  intensity  and  the  associated  forward  and  backscattered  incoherent  differential 
scattering  cross  sections  per  unit  area  are  emphasized. 

PACS  numbers;  43.20.Fn 


INTRODUCTION 

In  a  previous  article,'  results’  ’  for  the  coherent  reflec¬ 
tion  and  incoherent  scattenng  by  random  distributions  of 
relatively  arbitrary  bosses  on  rigid  or  free  (pressure  release) 
base  planes  were  specialized  to  identical  aligned  hemiellip- 
soidal  bosses  with  semidiameters  large  compared  to  wave¬ 
length.  The  present  paper  applies  the  earlier’  energy  con¬ 
serving  forms  for  reflection  and  scattering  by  mixtures  of 
dilfercnt  type  bosses  to  investigate  continuous  multicom¬ 
ponent  distributions  in  boss  size.  As  before,'  *  we  emphasize 
the  coherent  reflected  intensity  (/?)  and  the  forward-scat¬ 
tered  (specular)  and  backscattered  incoherent  differential 
cross  sections  per  unit  areas  (o'(/)  and  <r(4)].  Approxima¬ 
tions  for  R  and  a  are  obtained  in  terms  of  integrals  of  simple 
functions  and  a  general  distnbution  function  that  specifles 
the  statistical  aspects. 

Graphical  illustrations  of  R,  <r(y),  and  oth)  are  based 
on  a  truncated  version  of  the  Schulz’  form  for  the  two-pa¬ 
rameter  gamma  probability  density  function*'  P(l;  m,  o). 
Here,  t  is  a  dimensionless  parameter  that  scales  one  or  more 
boss  axial  dimensions  (e  g.,  bosses  with  base  semidiameters 
a,  b  and  height  tc),  m  is  the  mean  value  of  /,  and  v  is  the 
normalized  vanance  ranging  from  zero  to  unity.  For  u  small, 
Ris  approximately  Gaussian,  and  reduces  to  a  delta  function 
as  n  approaches  zero  to  reproduce  one-component  results. 
More  generally,  v  determines  the  skewness  of  P.  As  n  ap¬ 
proaches  unity.  R  reduces  to  the  exponential  for  the  simplest 
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Poisson  density.  The  resulting  plots  of  R,  o(/),  and  oib) 
versus  angle  (a)  of  incidence,  with  n  as  the  parameter,  exhib¬ 
it  the  essential  aspects  of  the  statistical  distnbution  in  boss 
size. 

In  the  following,  for  brevity,  we  use  ( 1.3)  for  Eq.  (3)  of 
Ref.  I,  etc. 

I.  NOTATION  AND  KEY  FORMS 

We  take  the  incident  wave  for  a  rigid  ( -1- )  or  free  (  —  ) 
base  plane  as  where 

(5'  =  exp(iV-r)  :=  exp(/krk'-f), 
f (R,y>)  =  (x  eos  -1-  y  sin  y>)sin  R  -F  z  cos  R,  ( 1 ) 

k'  =  f(jr-aj3), 

with  k'  as  the  direction  of  incidence  and  /?  =  Itr/k  as  the 
wavelength.  The  corresponding  wave  reflected  from  a 
smooth  plane  at  z  =  0  is  the  image 

j}  =  cxp(ik-r).  k  =  kk,  k  =  f(aj3),  (2) 

with  k  as  the  direction  of  specular  reflection.  For  ^  incident 
on  an  isolated  rigid  or  free  ellipsoid  at  the  phase  origin,  we 
use  g  J  (f.k)  for  the  scattering  amplitude.  The  scattering 
amplitude  for  the  corresponding  boss  on  a  ngid  or  free  base 
plane  excited  by  ±  (S'  follows  by  superposition;’ 

/t(f,k')=gj.(f.k)±g^(f,k').  (3) 

A  multicomponent  mixture  of  i  =  1  to  A  distinct  types  ot 
bosses  is  specifled  if  each  type  is  characterized  by  a  param¬ 
eter  r„  partial  number  density  «„  and  net  number  density 
n  =  2n,.  The  average  ofa  boss  attribute  (say  R, )  is  given  by 
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where  /;  is  weighted  by  njn  m  the  average  {F )  for  the  mix¬ 
ture.  The  fraction  of  the  plane  covered  by  bosses  of  base  area 


Ai  is  Wi  =  nfAty  and  the  net  packing  fraction  equals 


w  =  Y,u>i=nS—A,  =  n{A),  (5) 

with  {A )  as  the  average. 

For  a  corresponding  continuous  distribution  in  boss 
types,  the  average  is  given  by 

(F)  =  P(l)F{l)  dt,  (6) 

with  P(t)  as  a  probability  density  function.  The  results  (4) 
and  (5)  for  distinct  types  correspond  to 

(7) 

<- 1 « 

a  weighted  sum  of  della  functions. 

The  coherent  reflected  fleld  for  the  base  plane  plus 
bosses  is  given  by’ 

,J(1  +  Z)/(l  -  Z).  Z  =  m(AKii'))/k^cosa. 

(8) 

As  before,  we  suppress  subscripts  ±  where  feasible.  The 
coherent  power  reflection  cocflicicnt  equals 

fl  =  |(l+Z)/(l-Z)l’,  (9) 

and  the  net  incoherent  differential  scattering  cross  section 
per  unit  area  is  given  by 

<r{f.k)  =  n<[/i:f,k')l’>/A-’|l  -Z|’.  (10) 

We  use  the  same  symbols  Z,  R,  and  a  as  before,*  but  here 
they  involve  if)  and  ([f  1’),  as  indicated  after  (1.12)  these 
forms  neglect  pair  correlations. 

The  forms  given  above  account  for  all  orders  of  coherent 
multiple  scattering  and  are  mutually  consistent  in  exhibiting 
energy  conservation  for  lossless  bosses.  See  Ref.  2  fora  com¬ 
plete  discussion. 

II.  LARGE  ELLIPSOIDAL  BOSSES 

For  ellipsoids  with  principal  semidiamelers  a,b,c  (along 
Jf^^’,^)  large  compared  to  wavelength,*  we  have 
St  =Sr±Sf  "’here  ±g|  represents  geometrical  reflec¬ 
tion,  and  Si  dilftaclion  (shadow  formation).  From  (3)  and 
(l!l3)-(l:!8)  evaluated  in  the  specular  (f  =  k)  direction, 
the  forward-scattered  amplitude  for  an  isolated  boss  is  given 
by 

4  (k,k')  =g,(k.k)  ±gj((k,k-)  -Fg,(k,k') 

_  —k'‘abl-  cA’sin’<r/i(2Aircosa) 

2  \  rku  cos  a 

_  race*  o') 

kc  )' 

F’  =  (A  sin  a)’  -F  (cos  alVc*, 

A’=  (siniS)Vh’-F  (cos/3)Vo’,  (11) 

«’=(L,-z)’  +  (Lj-2)’; 

the  L.  (the  directed  semidiameters  of  the  elliptic  disk  de¬ 


fined  by  the  shadow  boundary)  are  obtained  from  (1:19)- 
( 1:21 ),  and  /,  denotes  the  Bessel  function.  For  near-grazing 
incidence,  a  =  n’/2  —  T,rsO,  we  replace  g,(k,k')  by  the  al¬ 
ternate  form  given  in  (1:16)  fork'cek. 

In  thebackscattered  direction  (f  =  —  k'),  we  have 
/t(-k',k') 

=8ii-  k',k)  ±gi(  -  k'.ic)  -FSif  -  k',k') 

_  -A’ah/2d,((;)cos’a  ic 

2  I  cry  ^kS‘ 

fc  -mpV 

AZ)’  y 

/)’ =  (5  sin  a)’ -Kc  cos  a)’, 

<5’  =  (acos/?)’+  (hsin/9)’, 
y’  =  (L,-s)’-KLj-s)’, 
s  =  2sina(xcoS;ff  +  ysinyS). 

For  near-normal  incidence  (— k'sjk),  we  replace 
g,(  —  k',k)  by  the  alternate  form  (1:15). 

For  a  continuous  distribution  in  size,  the  coherent  re- 
fleeted  intensity  R  and  the  forward : —1  backscattered  cross 
sections  per  unit  area,  a(  /)  and  o(h^,  tollow  from  ( 8)-(  10) 
in  terms  of  (1 1 )  and  ( 12).  In  particular,  the  present  Zbased 
on  the  average  of  ( 1 1 )  may  be  written  as 


*  liab)  cos  a 

xC (abcD  ±  MgAV.(2Aiicosa)l 

\  Acosa  \  Tu  l 

To  facilitate  comparisons,  ive  may  fix  in  and  average  over 
one  or  more  boss  semidiamelers. 

Up  to  moderately  large  values  of  a,  we  keep  only  the 
first  term  of  Z  to  obtain 

.  / 1  -  w{abcr)/2iab  >  cos  a')’.  . 

~  \  1  -F  w{abcr)/2{ab  >  cos  a/ 
if  the  numerator  is  small,  then  we  retain  additional  terms. 
ForasO,  near-normal  incidence,  ( 14)  approximates 


R  (i-wiab{\+e))/2{ab)V 
~\l  +U){abO  +e))/2{ab))  ’ 


e=(cAtana)V2. 


This  simple  form  reduces  to  the  one-component  result  for 
a  =  0.  but  the  complete  expression  based  on  ( 13)  does  not. 

If  R  based  on  ( 14 )  is  very  small,  we  restore  the  exponen¬ 
tial  term  of  Z  of  ( 13);  as  a  increases  towards  grazing,  we 
retain  all  terms.  Forasrn/2  (near  grazing),  we  rephee  the 
third  term  of  Z  of  (13)  by  that  obtained  from  g,(k,k')  of 
(1:16).  Forsmall-gtazing angle  r  =  ff/2  —  a,  it  follows  that 
R*~l-F4(fl6)7/m<a6cA>, 

R_~l  —  A’u'(ai>c’A)r/(afr>. 

As  before,'-’  the  difference  from  unity  is  0(t)  for  either  case. 

The  corresponding  difierenlial  scattering  cross  sections 
for  arbitrary  f  are  based  on  (1.30).  In  particular,  m  thefor- 
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ward  direction  fora  not  near  grazing,  we  base  con  |/^  of 
(II).  The  dominant  term  is 


C4(/)» 


irk\ab)\\-Z^f 


(17) 


~4jr(ob)(l  +  w(abcr)/2{ab}  cos a)^ 

In  the  backscattered  direction  for  a  not  near  0  or  v/2,  we 
base  con  j/j.  f  of  (12).  The  dominant- terms  are 

„  i-rv  tt;([g,(-k',k)p4-|g,( -k',k')p) 


w((abc)^(S~*  +  D~ 


(18) 


•)> 


4}r{ab )  ( I  +  w{abcr)/2{ab )  cos  a)* 


(19) 

where  the  rapidly  oscillating  terms  were  dropped  to  provide 
a  simple  common  baseiine  for  both  cases. 

At  normal  incidence  both  a(,J)  and  <7(4)  correspond  to 
backscattering 

=  <7j.  (4) 

_ niA^((<i4)^|l  -  Wkc)e-^"'’\'‘) 

~  4ir{ab  >|1  4-  w/2  —  iw{{ab /c)e~^"‘)/2k  (<i4)p 
rok^<(a4)^) 

~  4)7(a4  >  ( I  +  w/2)^  ' 

For  a  near  grazing,  the  forward-scattering  cross  sec¬ 
tions  approximate 

V((a4cA)^)(a4> 
irw(a4cA)’ 
wk^t'ic^iabi.)^) 


oA/)  — 

<7_(/)- 


(21) 


(22) 


(23) 


I6tr{ab) 

The  near-grazing  approximations  for  the  backscattenng  are 
given  by 

T^((a4c)V4'><a4) 

OTn(o4cA>*  ’ 

mkV  c»  r,rs  J,(V)  IH 
12(5’  Ac£/  I  / 

ir<a4>\  Ac(//J/' 

y=c/r|(o’-4*)sin2/?|/(o4A).  (24) 

As  before,''’  both  the  forward  and  backscattering  cross  sec¬ 
tions  are  O(t’)  for  the  rigid  surface  and  0(t*)  for  the  free. 


<74.(4) 

<7_(4)~ 


it{ab) 

wkV 


III.  PROBABILITY  DENSITY  FUNCTION 

Many  essential  features  of  i?.  <7(  /),  and  <7(4)  for  a  con¬ 
tinuous  distribution  in  boss  size  can  be  illustrated  by  numeri¬ 
cal  computations  based  on  the  Schulz’  version  of  the  two- 
parameter  gamma  probability  density  function*’'’  P(r).  The 
variable  t  serves  as  a  dimensionless  parameter  multiplying 
one  or  more  semidiameters  of  a  boss;  thus,  for  example,  we 
consider  bosses  of  fixed  base  area  (fixed  a  and  4)  and  rando¬ 
mized  height  (or  depth  tc),  or  fixed  height  c  and  randomized 
bases  specified  by  /a  and  lb  (a  family  of  similar  ellipses),  as 


The  two-parameter  gamma  probability  density  function 
Pin  =  (I//!)  ((<'’+  l)/mV*'l'e-''*‘'''” 


/=  0,1,2,..,  (25) 

with  m  as  the  mean,  is  general  enough  to  cover  many  of  the 
cases  of  practical  interest.  The  numbers  /and  m  specify  all 
moments  of  the  distribution, 

</)=«,  (r">  =  (r>"(<f+n)i/(<f’+l)'<r!.  (26) 

In  terms  of  the  normalized  variance 


«<’)-<r>V(t>’=I/(/-f  1)311,  0<ti<l,  (27) 
we  may  rewrite  the  moments  in  the  product  form 


</‘')='./«"(l+ti)(l+2ii)'"[l  +  (n-l)tiJ;  (28) 
all  moments  increase  with  increasing  m  and  n.  The  magni¬ 
tude  of  n  =!/(/+  1 )  also  determines  the  skewness  of  P 
The  maximum  value  of  P,  attained  for 


If,  =m<7(/+  1)  =m(l  —  ti)<m, 
is  given  by 

For  /  large  (nsO),  F is  Gaussian  around  /  =  r* 

1  .  . 


P~- 


(217(5, /O' 


-exp 


/*-((-(a)^\ 

I  2t\U  )' 


(29) 

(30) 

(31) 


If  A*  CO  (u— 0),  then/^  -/n  andPreduces  to<5(r  — w)  !o 
reproduce  one-component  results.  More  generally,  the  curve 
of  (Pis  skewed  positively  <m),andfor /=:0  (u=  1),P 

reduces  to  for  the  Poisson  case.  In  Fig.  1,  we 

plot  P  vs  t  for  several  values  of  u  and  w  =  1 . 

For  computational  purposes,  we  take  m  «  I  (so  that  t 
serves  as  a  simple  scaling  factor)  and  restrict  the  range  of  t  to 
/>0,5.  We  work  with 


^>0.5, 


Jm 


(32) 


FIG  I  Pk>tofthegammaprobabihtydemU>  functionPofEi]  <25)with 
mean  m  » 1  and  nonnalu^  vananc«  ^  =  l/U  f- Uss  the  parameter  The 
higher  curves  at  t~  J  apply  for  the  smaller  valucsof  =  0.025, 005, 0  i, 
0,25, 0  5,  and !  0  As  eapproaches  zero,  /’approaches  ^ ~  I ) 
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To  provide  benchmark  curves,  we  consider  a  one-compo¬ 
nent  (n  =  0)  distribution  of  aligned  ellipsoidal  bosses  having 
semidiameters  (a,b,c)  =  (1,4,2)  with  ka  =  20  and  in  =  0.2. 
For  the  continuous  multicomponent  cases,  one  or  more  se- 
midiametets  are  multiplied  by  the  dimensionless  parameter 
t;  the  required  averages  are  based  on  (32).  The  restriction  on 
the  range  of  r  insures  that  10  for  all  bosses  in  the  distri¬ 
bution,  with  d  denoting  any  semidiameter;  thus  integration 
is  restricted  to  ranges  where  the  present  high-frequency  ap- 
pro.\imalions  suffice,  and  spurious  contributions  for  small 
kd  cannot  arise.  Physical  considerations  also  require  that 
boss  size  be  bounded  away  from  infinity;  such  truncation  is 
implicit  in  the  Gaussian  quadrature  routine  used  in  the  nu¬ 
merical  integrations. 

In  the  illustrations  for  R  and  the  fonvard  and  back- 
scattered  cross  sections,  o(f)  and  <r(6),  (written  as  5(F) 
and  S[B)  on  the  graphs  to  facilitate  comparisons  with  ear¬ 
lier'  one-component  versions),  we  plot  versus  angle  («) 
from  the  normal  for  rigid  ( )  and  free  ( —  )  surfaces  with 
tias  the  parameter.  Curves  for  the  rigid  and  free  surfaces  are 
overlaid;  the  rigid  arc  shown  solid  and  the  free  are  dotted. 
Four  values  of  i)  =  \/(/‘+  1)  are  considered: 

u  =  0.0,  0.25,  0.5.  1.0,  (33) 

corresivonding  to  Fa  «,3.  l.O.Thcone-componcntcaseis 
represented  by  u  =  0. 

Although  large  numerical  values  arc  indicated  for  some 
of  the  a(  f)  curves,  experimental  design  factors  must  be  con- 
.sidered  in  determining  the  relative  importance  of  coherent 
relleclion  and  incoherent  scattering  contributions.  For 
plane-wave  incidence  the  net  normalized  energy  flux  is  given 

where  s  is  a  unit  vector  from  a  point  r,  on  the  surface  to  the 
observation  point  r  (see  (2:75)  ff].  Practical  transducer 
beam  factors  are  required  for  comparison  with  measure¬ 
ments.* 


IV.  NUMERICAL  ILLUSTRATIONS 

All  graphs  for  a(b)  are  based  on  computa¬ 

tions  with  the  complete  forms  of  (II)-(I3)  supplemented 
by  (1:15). 

Figures  2-7  correspond  to  aligned  bosses  with  fixed  base 
semidiameters  (a,6)  =  (1,4)  and  height  (or  depth)  rc  as  a 
random  variable.  Figures  2-4  .apply  for  the  azimuthal  angle 
(broadside  incidence  i  t  grazing).  The  essentials  for 
the  R  curves  of  Fig.  2  are  indici  ted  by  the  simple  approxima¬ 
tions  (14)-(  16).  For  this  case,  (15)  reduces  to 

x[l-F-|(l-F^<f*>tan*a)]'’.  (34) 

Although  (34)  i$  independent  of  statistics  for  a  =  0,  the 
more  complete  form  of  R  used  for  computations  is  not, 
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PIO  i  GrapM  ofthcKfla‘t»on  vocfficicni /?  of  Kq  fo»  d  Lontmuou> 
dUinbuitonoftxMscs  having  (0.  h.  tc)  »  (1, 4.  /2}.  with 

probabititydemliyforfasinrq,  (32)  Theupi<f 
of  angle  of  incidence  («}.  while  ihc  lower  »bow  j  the  near-graring  region 
The  arimuthal  angle  0*.  vuirevponding  to  browd^i<ie  influence  at 
grartng.ThesohdanddottcdcurvcsrerrcMnt  rigid  ( +  )and  free  (  -  ) 
»uifac<s,  re)pcciivel)r.  Fora  not  nearO* or  90“,  the  higher curNcs  apply  for 
ihe^mallervaluetofr  s  00.0.2$.0.$.and  t.O;  near  graringthe  higher  solid 
eurvesat  well  a$  the  higher  peaVtU  (Jotted  curvesapply  for  the  larger  values 
of  I*. 
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FIG.  X  The  forward-scattering  curves  from  Eq.  ( 10)  associated  with  R  of 
Fig.  2.  In  genera],  the  higher  curves  correspond  to  the  larger  values  of  r 
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FIG.6.Thofor«ard4co(unflgcurvc$a$$ociotcduithFig.5.  Ingcncral.thc 
higher  curves  correspond  ro  the  larger  values  of  i'. 
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FIO<4  The  baeVseatf  enngeur^es  from  Cq.  ( 10)  and  dashed  bases  from  Cq. 
(17)  associated  Wiith  ^  of  Fig.  2.  A*  normal  IncidcJice  S(  B)  a  Si  Fl  of  Fig. 
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FlG.5.Grafdi$ofiR  foradtstnbutionofbossesasui Fig  2. but  ssith azi* 
muthal  angled  »  90*.  corresponding  to  itoseKm  incidence  at  grazing  The 
higher  curves  for  a  not  near  grazing  apply  for  the  smaller  values  of  v  ss  0  0. 
0.25,0.5,  and  1 0.  N'eargrazingthehigher  solid  cunes  and  higher  peaked 
dotted  cunes  apply  for  the  larger  values  of  o. 
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which  accounts  for  the  slight  difference  in  the  eurves  at  nor¬ 
mal  incidence.  For  aiO,  of  (34)  decreases  with  increas¬ 
ing  u;  from  (32),Mrrespondingtothesequenceforuin  (33), 
we  have  <r*>  =  (1.0, 1.43, 2  0, 3.25).  Near  grazing,  Jl*  of 
( 16)  increases  with  v  increasing 
R^~l—^aT/wc{t)-, 

from(32),  ((>  =  (1.0, 1.11, 1.25, 1.5).Foranottoocloseto 
grazing,  R  _  also  increases  with  u  but  the  trend  reverses  very 
close  to  grazing  where 

R_~l—k^w(^(t^)T/a;  (36) 

from(32),<r*>  =  (1.0, 2.18, 4.06,9.88).Theassoeiatcd  for¬ 
ward  and  backseattering  are  shown  in  Figs.  3  and  4.  Except 
near  normal  incidence  for  the  forward  scattering,  both  <t(J) 
and  the  base  curves  for  the  oscillations  of  <7(  6)  increase  with 
u.  Analogous  plots  of  /i,  of  /),and  <r(h)  for  p~90  (nose- 
on  incidence  at  grazing)  are  shown  in  Figs  5-7 

Figures  8-10  apply  for  a  base  semidiameter  la  as  a  ran¬ 
dom  variable  and  the  remaining  two  semidiameters  fixed. 
For  a  not  near  90’,  i?  of  Fig.  8  increases  with  u,  reversing  the 
trend  shown  in  the  previous  plots.  For  larger  a,  R^  de¬ 
creases  with  increasing  v,  for  a  near  grazing, 

R^.~\-4a{l)‘!'/ux-  (37) 

For  the  free  surface,  R  .  decreases  with  increasing  u  for  a  not 
too  close  to  grazing  and  then  increases  for  larger  a.  For  a 
close  to  grazing, 

fj_~l -/r'u'c’r/aO).  (33) 


FIG.  8.  Graphs  of  R  for  (rc.  t.  c)  ■=  (t  1. 4. 2)  with  O'.  The  hi'shcr 
curves  for  a  not  neat  Sty  apply  forthelargcrvalucsofpca0(h025,0.5,an<l 
1 .0.  In  the  low  er  panel,  the  higher  solid  curves  neat  grazing  and  the  higher 
peaked  dotted  curves  correspond  to  the  smaller  values  of  u. 
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FIG.II.riotsofJR  for(cr,r^./c) » (l»/4,/2)«iih^«iO‘.rorano(nmO'' 
or  90*»  the  hi|her  curves  apply  for  the  smaller  values  of  o  *  0  0, 0  25, 0.5, 
and  1,0.  In  (he  lON^er  panel,  the  higher  solid  curves  and  the  higher  pealed 
dotted  curves  apply  for  the  larger  values  of  r. 


The  associated  fonvard  and  backscattcring  are  shown  in 
Figs.  9  and  10,  At  normal  incidence, 

o-j  +  i4'/2)*,  (39) 

with  <r  *)/<f )  increasing  from  1.0  to  2. 17  as  u  increases  from 
zero  to  unity.  The  trend  of  increased  scattering  for  the  larger 
values  of  t;  continues  fora(  J)  until  a  is  close  to  grazing  (Fig, 
9).Thebasccurvcsfor<r(i)ofFig,  lOdiflcrsIightly.butthc 
pattern  of  oscillations  is  altered  as  u  changes. 


FIG.  12.Tbeforward-scattervngcurvesassoaatcdwithFig.  ll.TTic  higher 
curves  aj^ly  for  the  larger  values  of  v. 


FIG,  13,  The  baclscaitenng  curves  associated  with  Fig.  1 1. 


FIG.  14.  Graphs  of /t  foradi$tnbution<^bosses(ra.  rh.c) » (i  1.(4. 2) 
witb^ = 0*.  For  a  not  near  90*.  the  higher  curves  apply  for  the  larger  values 
ofn=00.a25.05,andl.a 
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FI0.15.Theforward-$catlcnngcur\csa$iociatfd\Mth;?ofF«  14  The 
higher  curves  apply  for  jhe  larger  values  of  V. 


^wa'JjMnbuu'onofbo»es(rir.ri,re)  b  (/J./4./2> 
wnh/7«(r.  The  WAcs  differ  luilc  for  a  not  near  90*,  The  higher  solid 
^  ^  smaller  values  of  o  a  0  0. 0  25, 0  5.  1  O' 

the  higher  pealeddoHed  curves  apply  for  ihc  larger  values  of  v. 


In  Figs.  11-16,  wc  fix  one  of  the  boss  semidiameiers  and 

scale  Jhe  remaining  iwo  by  /.  Figures  1 1-13  apply  for  base 
semKltamclerr?  fixed  and  liie  remaining  two  specified  by  tb 
and  /c  (a  family  of  similar  ellipses  in  ilie  j?z  plane).  In  Figs 
14-16.  the  boss  lieighi  o  is  fixed  and  ihe  base  semidameters 
arc  specified  by  ta  and  ib.  In  all  cases,  Ihe  essentials  are  indi* 
cated  by  the  approximations  ( 14)«(24). 

The  generalization  iia,tb,ic)  for  a  family  of  similar  el« 


FIG- 16.  The  backscattcnngcurves  associated  with  R  of  Fig.  J4, 
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higher  cuivcsapply  for  Ihe  larger  values  of  o, 
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V-1.0 


>  15  30  «  50 

OCCRCCS  hC'fMftt 
no.  I9.Th«b4dKan<nnjCur\«4«ocutcdwnh/?ofrig.  17. 


lipsoids  IS  illustrated  in  Figs.  17-19.  For  moderate  values  of 
a,  (14)  shows  that  H  is  independent  of  /,  i.e ,  t  cancels  in 
(abcr}/{ab};  in  this  range,  the  R  curves  of  Fig.  17  differ 
liulc,  but  additional  structure  appears  for  a  close  to  grazing. 
The  corresponding  incoherent  scattering,  shown  in  Figs.  18 
and  19,  involves  no  such  cancellation. 
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Regular  polygonal  arrays  of  resonant  scatterers 
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Numerical  results  for  the  scattering  cross  section  (S)  of  iVs  3-26  equally  spaced  monopole 
resonators  on  a  circle  (of  radius  indicate  regularities  in  the  values  of  the  normalized 

diameter  {2kb  =  Airb /Xszpmih  X  as  the  wavelength)  corresponding  to  maximal  scattering 
for  symmetrical  excitation.  The  peaks  Sf^  {N)  occur  for/)  =  /)a  (^)  l:^tween  N  and  2N.  i.c.,  for 
circle  circumference  between  NX  /2  and  NX.  With  increasing  jV,  the  values  of/a^  (iV)  in 
successive  alternating  sets  (shells)  of  three  or  four  values  of  N are  close  to/),«  —  Imrr  —  sr/A; 
shell-l  consists  of  A'’=:  3-5,  shell-2  ofiN^=  6-9,sheIl-3  of  10-12,  etc.  The  basis  for  the 
shell  structure  is  delineated  by  a  simple  asymptotic  approximation  (for  large/)  and  A^in  the 
range  p<2N)  of  a  cylindrical  wave  representation  for  a  sum  of  spherical  waves,  A  simple 
approximation  is  also  derived  for  the  shift  in  resonance  frequency  that  occurs  for/)  small 
enough  for  the  array  to  respond  as  a  collective  monopolc. 

PACS  numbers:  43.20.Fn,  43.30,Hw,  43.20.Bi 


INTRODUCTION 

A  recent  paper’  on  multiple  scattering  by  regular  arrays 
of  .V  identical  monoiX)Ie  resonators  (of  radius  a  and  num- 
mum  separation  2a)  analyzed  seven  cases  including  the 
first  four  pol)^gonal  arrays  (iVa  3-6)  foraibitrary  direction 
ofincidcncc  i.  It  was  shown  that  the  scattering  cross  section 
S' of  each  array'  is  less  than  twice  its  maximal  single  scat¬ 
tered  value,  and  that  the  peak  value  .Sa  for  polygonal  arrays 
occurs  for  broiidsidc  incidence  (ks:2).  An  intro<!uctory 
section’  (11  A),  based  on  an  earlier  tutoriahllustration. 
indicated  that  similar  results  had  been  obtained  numerically 
to  24  (and  asymptotically  for  larger  A'),  but  reserved 
discussion  of  symmetrically  excited  polygonal  arrays  for  this 
sequel  Initially,  we  consider  numerical  and  graphical  results 
for  V  «  3-26  resonators  (on  a  circle  of  radius  b)  based  on 
the  original  spherical  wave  form  of  (he  propagator  set' 
■?'  =  /  '  +  f  f  *  Then  wc  derive  a  cylindrical  w  ave  regimen¬ 
tation  of  /'  and  an  asymptotic’  approximation  (  /  )  for 
large  N  that  delineates  the  basis  for  the  regularities  indicated 
by  compulations  forincreasmg.V.  The rcgularitiessuggested 
by  data  to  A  -  12  were  substantiated  to  A^~26,  and  pre¬ 
served  in  the  asymptotic  results. 

The  key  variable  is  the  normalized  diameter 
p  :=i  2kb  ^  Atib /X  with  X  as  the  wavelength.  The  peak 
S ,  (N)  occurs  for p^pr.  (A')  between  N  and  2A',  i.c..  for 
circlecircumferencebetwecn  A'/l  /2andiVyl,  With  increasing 
A",  successive  alternating  sets  of  three  or  four  values  of  A^are 
grouped  into  shells  in  the  sense  that  the  corresponding 
p^  iN)  are  close  to 

p^  ~  2m7r  —  ;r/4  —  n'(8/n  —  1  )/4;  m  =  1,2,3,.., . 

(1) 

ShelI-1  consists  of  A^  =  3-5,  shelI-2  of  A'^  =  6-9,  shen*3  of 
10-12,  etc  A  peak  5  X  (A')  in  shell-w  corresponds  to 
themlh  local  minimum  of  the  associated  /' 


We  start  with  a  brief  skctchjof  the  spherical  wave  form 
development.'  and  then  derive  y  .  The  normalized  frequen¬ 
cy  x  -  ka  at  the  peak  is  determined  by  as  single  scattered 
value  .r,  and  by  i  (/>).  The  location /)a  of  the  lowest  mint- 
mum  of  /  (/>)  and  the  value  /  t/)^ )  /  a  determine 

(Fa  ) and^A. Figures  1-7 correspond loshells  1-7  (and 
the  captions  provide  the  csvcntial  d<aa  a;  the  j)enks>,  they 
display  /' as  solid  curves  for  0^/»«s50,  and  /  as  dashed 
curves  (br  A>sp<^2N,  The  /  (/>)  show  the  esscniiais  to 
p  Sp,,  at  least  for  the  larger  values  of  A  in  a  given  shell. 

The  peaks  5a  occur  for  a  a  and  relatively  large 
values  of  i.e,  it<^y^  <2jr  corresponding  to 

X  /I  ^d <^X.  For  all  cases  5a  2Ab, ,  where  is  the  maxi¬ 
mum  scattering  vross  sccllun  of  an  isolated  resonator. 

On  the  other  hand,  a  large  shift  from  .x,  yielding 
5=  0(0,  )occursforsmall>‘  ~.x//)with/)=5  1/2.  For 

small  y.  the  array  acts  as  a  collective  monopoie  with  reso¬ 
nance  frequency  Xh<^x,.  Explicit  results  are  given  for 
a^u(A'',jr,,p).  and  a  simple  approximation  for  large  A  is  in¬ 
cluded  and  compared  with  analogs.^ '  (The  label  resonance 
is  used  as  in  the  acoustics  scattering  literature.’'  > 

I.  REGULAR  POLYGONAL  ARRAYS 

A  regular  polygon  with  j:  1  to  A  vertices  at  b,  =  6b„ 
respectively,  is  specified  by 

b,  =3  X  cos/i,  +  y  sin/t,,  /r,  ~  (s  —  1  )2//,  p  =  ir/N. 

T  b,  =  0,  2  e’*'  =  Y  =  0.  (2) 

» -  I  » -  I  m  0 

The  smallest  separation  of  vertices  bj 

2b  sin/<  sc  d  (an  edge)  subtends  the  angle  2p  at  the  cen¬ 
ter  (r  5=  0)  of  the  circle  of  radius  b.  For  A'  =  2»'  or  2i*  4- 1 
(even  or  odd),  v  is  the  member  of  different  separations  of 
vertices  that  arise.  All  separations  are  expressed  in  terms  of 
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30 


iO 


SO 


.  1  i  1 

0  )0  20 


FIO.  I.$h«ll«KMhelo'»i«t  mmimumof  f  \spi<itS  -  (3.4.5)  isthcfirM 
/  »  -  (0.4345, 04$20. 0407h  at  /Ja(5.I89.  5.666.  5  851)  for  ^hlch 
i  a!(0.0967.0.1799.02SJ6).  From  these \alufs  U^s.  *  (1768.  1.931. 
I  687).  y  «  (4  493. 4  006, 3.4.39).  and  10‘k  =  ( 137  49.  137  57.  137  67) 


ihe  sniallesi  by  jb,  -  b^(  «  2b$m/M/(  »  (^//sui/Osin/M//, 
where /«==  I  lou 

F'or  a  plane  wave  (5(r)  »  iiicidciu  on  an  isolated 
nionopote  at  one  of  the  vertices  b,,  we  write  the  scattered 
field  for  jr-b,]>a  as 

H(r  ~  b,  ),}(b.)  =  aji(k  jr  -  b,  De*'; 


/i(a)  =  =  k'b., 

For  a  lossless  resonaior,  and  ar  =  ia  5  0. 1. 

I  x\-x 

i+i'r’  ^  at' 


...4. 


(3) 


(4) 


where  C  is  the  relative  compressibility.  At  resonance, 
x  =  ,  so  that  y  =  0  and  —  1.  The  scattering  cross 
section  (a)  and  its  resonance  value  (o. )  are  given  by 


<r  s  -  Re  a^Air/k  *  -  % 


(7.  -  4ff/A' J  (5) 

where  <7  reduces  to  <7.  ata:;==jt..Asbefore.‘  for  illustrations 
we lakeC—  i,589XlO*andXf  —001374  (appropriate for 
an  air  bubble  in  the  sea**^ )  so  that  <7,  ;5;2,I2X  lOVa^  The 
peak  width  at  half-power  (jOo|^  =s  1/2)  is s:ix,  {K 

For^5  incident  on  a  polygonal  array  of xVidentica!  inono- 
poles,  we  write  the  scattered  field  as 


FIG  2  ShcJI-2:  the  towc>l  minimum  of  f  wpfot  A’  -  (6.7,8.9)  iv  the 
second  /  =  -  (03697.  0.4691.  04666.  04171)  nl  psdl  lO.  11  67. 
II96.l206)for\shich  i  =;(  -00733.  -  00070.0  ll36.a2!38).From 
Ihcsc.tfs  -  (I  586. 1  884. 1  875, 1  716).>' «  (5  551.5 065.4  578.4.123), 
and  I0*.c  ^  (137.33.13739. 137,51. 137-60). 


//(T;k)^  2  Z>.(k)/i(A(r«b.i)e"\  (6) 

'  I 

i).(k)  =a„^l  +  2  i>.{k)A(k|b.  ~b,l)e 

(7) 

The^coeificients  Z),(k)  can  be  obtained  by  elementary  al¬ 
gebra,  and  expressed  in  terms  of  »*  -f  1  collective  k-indepen- 
dent  oscillator  mode  coefficients  times  k-dependent  ex¬ 
ponentials.' 

For  normal  incidence  (k  =  z,z*b.  =  0),  Z),  —  /)  and 
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ra-j 


TH - 1 - 1 - 1 - 1 - 

0  10  JO  30  10  50 

riO<3.Sh«U*3;ih«Io'^«I  minimum  of  )  .Vs.  (10,  II.  12)  tv  the 

third.  /  s:  -  (0«69,0W3.0  4670), ,15(17.71.18  11,18  26)f(>(»liich 
<a(-01000.  -0  0012.00983)  From  ihtv.  fla  -  ( I  808.  1 913. 
|.S42),>'=  (3,483.3.102.4  726).and  10‘j;  (137  3. 137.4, 137,49) 


where  =  /?o  is  also  the  coeHicienl  of  mode  0.  Althoush  an 
individual  f3,(k)  is  not  observable  by  measurements  of  // 
for  /■>i,  fl  =  B  is  observable  since  the  corresponding  scat- 
tered  field  is  directly  proportioned  to  B. 

-4i'(r:z)=52A(A'jr-M).  (9) 

The  field  along  the  center  line  (r  s  z),  and  at  the  gcometri* 
cal  center  ( r  =5;  0)  are  given  by 

'//(w)  =  Bli(.k4?TP)N.  'i'W/i)  =  Bh(.kb)N. 

(10) 

For  arbitrary  k,  we  sum  D.e''  oversand  solve  (7)  directly 
for  the  sum  to  obtain 

2DAk)e'  =B2P- 

Thus  the  corresponding  field  along  the  center  line  equals' 

'/AvM)=Bh(k4z^‘)Y,e\  B.  =  k-b.,  (II) 

SO  that  B  also  suffices  for  this  special  case  of  iionsymmetrical 
excitation. 

In  the  far  field,  r/b  and  kr  large,  (9)  reduces  to 
--‘hikr)//  where  the  scattering  amplitude  satisfies 


I  1  i - » 


FIG  4.Shcll*4.ihciowe>tn«niniumof  /  >i/>for A'^ (13, 14. 15. 16) is 
the  fourth.  /  s;  -  (04237.  04747.  0  4735.  04488).  /Ta(23  84.  24  26. 
24  47.24  54)forwhich  <  s( -0  1785. -00S69,00096.0094S)Trom 
lhe>c.ffs  (1.735.1.904. 1  899. 1  814).  i  (5  705.5  399.5088.4  788). 
and  lO'x  ^  (137  23.  137  32.  137  41.  137  49) 


4^  (f,z)  =  i.J'<  — —  r)  e  A,  —  Af’b,. 

(12) 

The  forward  scattered  (f  =  z)  and  back  scattered 
(f  ss  —  z)  values  are  equal: 

//  (z,z)  //  (  -  2,z)  =  ( 13) 

The  scattering  cross  section  for  the  array  is  given  by 
5  -  «  4jr/A‘  -  /?cr,  (xjx)\ 

B  =  -  Re  (z,z)  =  f  .  (14) 

j  4r 

The  final  form  of  S  is  normalized  with  respect  to  isolated 
inonopole  resonance  values  to  provide  benchmarks  for  com¬ 
parisons. 
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FlO.J.Shtll.Silhtlovkjsl  minimum  or;  %u/>fot<Vs  (|7.I?.l9)Kthe 
hflh,  ;  •  -  (046M,  0W7,  OWO. />^(.'042,  J0  68.  3079)  for 
»hi!h  >  =i(-al5S6.  _00«}4.002!S).  rromihtw.  B-  -(1.874. 
1.922.  1  872).  y^(Ji9.  S.33’.  5M’)- 

10*4  ..(137  25.  137  34, 137  42), 


II.  MAXIMAL  SCATTERING 

For4V=2vor2)’+  I  (evcnorodd)  inicriiisoff„  =  1 
or  2,  respectively,  we  write 

3/ {p)  =  A(/),)  =  2 'X  )• 

=/)sins/<,  p  =  2kb.  (15) 

The  real  and  imaginary  parts  are  given  by 

//  =X;(p,)  +  rX''(/'.>  =  /  (pl  +  i  '  (/7).  06) 

with  ;((r)  =/>,(«)  =  (sin«)/'«  ood  «(«)=«»(«) 
=  -  (cos a)/n. Substituting  (4)  and  ( 16)  into  (8)  yields 

j-  ■  - _ J - 

r  =  il±-L  =  r(x^).  (H) 

1  +  / 

which  represents  a  more  general  resonator  than  <?». 

We  have 

-A'Rcfi  =iVl(l  +  /)(l  +  r*)l  ' 

<N(\ -i-  f)  'sR{p),  07') 


l-tO-O  Sh«11.6.iticlo4oi  minimum  of ;  vvpforiV-  (20. 21. 22. 23)  is 
ihewthi;  -•  -(0.4552,04804.04757.  0,4581)./.  ^(30.58.  36  88, 
37  03,  37  08)  for  winch  )  =(—02131.  —(XI233,  -(X383, 00341) 

I  rom  Ihew.  B  =  -  ( I  836. 1  925. 1  907,  1  845),  J.  =  (5  723. 5  497. 5  269, 
5  049),  and  10*4  =  (1372.  13728.  137.36,  137  43) 


•as  well  as  iS{B \KR{p),  Thus  peak  scattering  requires  mini¬ 
mal  1  +  /  and 

r  =  0,  y  +  .l  =  (aj -,v*)/a'+.  1  =0,  (IS) 
Then,  for  any  value  of  N, 

_Re./(z,2)  =  l.^(2./)| 

=  A7(l  +  /  (p)!  =  «(p)  =A' 

(19) 

at  the  associated  frequency 

4  =  4./Il-xf  (p)r.  (20) 

The  puak  magnitude  K  „=  A*  IR  A I  >8  determined  by  the  val¬ 
ue  p=p4  that  minimizes  /'(p):  the  resulting  value 
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FIG  7.  Shell'7;  the  Io\k«t  minimum  of  /  for  iVu.  (24.25, 26)  k  the 
«venlh,/  -  -(0.4277.04SII.0  4690).()i(43(».45  20,4254)  for 
which  .fa  -(0.1762,  00920.  00183).  Prom  (heue  \alge5. 
aB-{I.9l5,  1  927.  1.88.'),  >•  a  (5.624,  5,423.  5.224).  ami 
I0'aa(l37  23.  157,31.  137.38). 


.  /  {pf, )  then  8p(h:ifi<siliccorrcspon(liiis  frequency  .It,,. and 
from /ja  A  A  =  26^/0  =  <f.c  A  sill/'  «'C  obtain  llie  appro¬ 
priate  circle  diameter  2b ^ ,  as  well  as  (lie  separation  o'a  of 
neighbors. 

The  function  /  that  determines  R  of  ( 19),  i.e., 


»=  2  2 


(21) 


'  Mn(/?  sin(5T/iV)| 

has  maximum  value  iV—  I  for /)sO(for  which  case 
and  vanishes  as oo  (JO  yield  /f-o-A'.  the  single  scattered 
value).*  The  solid  curves  in  Figs.  1-7  for  A'— 3-26  (in 
successive  alternating  sets  of  three  or  four  successive  values 
of  AT  show /'\sp(oTp  =:  0-50.  As/?incre{ises,  /  decreases 
to  Its  first  local  minimum,  and  then  oscillates  around  an  A’'< 
dependent  base  curve  that  also  oscillates  around  zero.  The 
zerosofthebase  curve  are  near/)  equal  tointegermultiples  of 
A^.  and  the  lowest  minimum  /  occurs  for  N<pf,  <2N 
(between thefirsitwozeros),Thevaluesof/  *  rangefrom 
about  —  0.482  to  about  -  0.37  (and  of  f  from  about 
1.93toaboul  1.59)  with  smallest  and  largest  /'^  forA^~4 
and  6,  respectively.  The  values  of p^  /2N  range  from  about 
0.585  (for  A'=5)  to  about  0.925  (for  the 

y  =  lird/A  satisfy  3  4399;>’^,  <5.723  with  the  smallest 


value  of </// about  0  547  (for^V  =  5),  and  the  largest  about 
0.911  (forA'  =  20). 

Each  figure  in  corresponds  to  shelhw  containing  those 
values  of  N  for  which  ,/\  is  the  wth  local  minimum.  The 
values  of />a  in  shell-m  are  near/?^  of  ( 1 ),  and  the  mean  of 
p^  forshell'Wiseven  closer  to/?^, the  mean  IS  within  1.3% 
of  pi  fl’7/4  for  shell-1,  and  within  1%  otp,„  for  the  re¬ 
maining  shells.  The  captions  list  >P/\ » but  suppress 
the  subscript.  (The  dashed  curves  for  4<,p<2N  are  dis¬ 
cussed  sub^quenlly.) 

The  resonance  frequencies  determined  by  (20)  in  terms 
of 


,)V)=_Ys2ik£Il<£^,  p:.p,.  (22) 

*  •!  ps\nisiT/N) 

differ  little  from  —  0.01374.  The  largest  value  of.  /  (pA  ) 
isabout  O.286for  A'  =  5,  and  the  smallest  is  about  —0.213 
for  N  5=  20.  The  associated  resonance  frequencies  obtained 
from  Xa  :=.v<<I  4- ^  72)  are  about  0.013767  and 
0.01372;  the  departures  f»o,«,v<  are  within  0.2%  for  A  ss  3- 
26.  Thus  iSa  =  (-v^/Xa  )’  approximates  ^  =  A|5a  j 

to  within  0.4%.  The  peak  width  at  half-power 

(|2;|'  =  15A|V2.r=  ±1). 

II'a  =.V*,  (  I  +  /  a  )/( 1  “  -^a  '  a  ) 


=  u'.(l  +  /'A)/(l--’tA  '  a)%  (23) 

approximates  ic,  ( I  +  /  a  )( •  +  Zx,.  I  a  ).  Il'»s  «'a  >*  of 
or<lcrK',/2. 

From  the  values  in  tlie  figure  captions  for  N  =  3-26 
(and  for  larger  .Vb.rscd  on  the  asymptotic  form  in  the  next 
section). 


/a>-0.5.  -Re/?A  =I«a!<2. 

/(a  = -Rc.5'a  =!.'^aI<2A’.  ^a  <2/V(»..  (24) 

The  values  of  115'  |  and  5  arc  in  accord  with  elementary  con¬ 
siderations  of  inlerfcrancc  processes.  The  central  value  (or 
values)  of  tC,,  1  in  a  given  shell  arc  the  highest,  and  only  the 
mean  of  shell  values  for  m  odd  or  even  sliosv  consistent 
trends;  the  sequence  of  me.tns  for  m  odd  (1.795,  1.854, 
1.889, 1.908)  and  form  even  ( 1.765,  1.848,  1.878)  appcarlo 
increase  slowly  toward  2,  A  similar  trend  applies  for  the 
mean  of  shell  values  for)>A  t  tint  sequence  of  means  form  odd 
(3.979. 5.  KM.  5.328.  5.429)  and  for  m  even  (4.829.  5.245, 
5.384)  appear  to  inciease  losvard  2ff. 


HI.  ASYMPTOTIC  FORM 

We  start  with  (21 )  plusyl/), )  -  I  =  0,  i  c„ 

/(/>)=  -1+  £y(p,).  p,=psmii,~psm-j;. 

(25) 

and  denve  an  alternative  exact  representation  m  terms  of 
cylindrical  functions. 

ExpressingyT/),)  as 

sin(psin/(.)  )  f''  ,  ,, 

j(pJ= - - — ' — 1  cos(usm/(,)rfu.  (2b) 

/)Sin/(,  p  Jo 

and  expanding  the  integrand  in  terms  of  Bessel  functions 
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cos(iism//,)  +  2  y  ,  (27) 

,-i  ly 

enables  us  to  sum  overs 

y  cos^£2^  =  A».,„  /=0,I.2 (28) 

.t-,  tV 

to  obtain 

/'=  -  1  +  .^J^  </i)|y„(u)  +  2  I;  2„v(u)j 
a-l  +  /o+y/j,v.  (29) 

This  expression  is  exact  for  all  p  and  A’,  but  the  range 
N<p<2N  for  large  N  is  of  primary  interest. 

To  approximate  7o  for  large />,  we  write 

f  J'ofrtrfuis  f  yoi/u-f  yorfiisel-f  J„(V)t!v, 

Jo  Jo  Jii  Jo 

(30) 

and  use  thelcading  term  of  the  Poisson  asymptotic  form'  for 
latge  u, 


practically  negligible  until/;  nears  the  vicinity  ofpA  where  it 
rises  rapidly  to  truncate  the  oscillations  and  delineate  the 
smallest  value  of  The  lowest  local  minimum  of  /'  (the 
dashed  curves  in  Figs.  1-7)  corresponds  to  the  largest  or 
next  to  the  largest  value  of p„  before p  gets  close  enough  to 
2A'  for  /'  to  rise  more  steeply  than  /'  toward  zero.  The 
figures  indicate  that  }\>/\  >  —  1/2,  and  compulations 
with /'formuchlargcrvaluesofA''also yield  J\  >  —  1/2. 

For  very  large  Al,  we  have  ^:=p/2N—y/2N 
Xsin(ir/A')  ~y/2n.  Since  (35)  requires  f  <  1,  it  follows  that 
v/y>  1/2.  Thus  with  increasing  Nanip, 

- 1  +  _  1/2  (36) 

and  (0  ( <  2  For  the  infiniie  periodic  line  of  monopolcs'  and 
the  case  of  one  propagating  mode,  the  results  y  —  kd<2ir 
and 

/'  =  2  y  j(sy)  =  -  I  +  ir/y>  -  1/2  (37) 

.  I 

are  rigorous.  See  Appendix  A. 

IV.  LARGE  SHIFTS  OF  RESONANCE  FREQUENCY 


d'„(i>)~(2/nO‘'’cos(u-  n-/4).  (31) 

Thus 

/,i-'(A'/);)(l  4-  (2/,T/))'''sin(/)  -  jr/4))  a/„(/7). 

(32) 

The  remaining  terms  /,  with  v  =  2/iV  for  0<./)  < can  be 
expressed  in  terms  of  the  Carlini  asymptotic  form '  for  large 

J  !.“‘exp(iVI  -  s'*’) 

(2in0"-’(l  -^■')''*(l  +\fr-^“')' 

sy,,  (33) 

1* 


For  small p,  corresponding  to  very  small  y  =  x/p  >  2x, 
the  array  amplitude  (f,z)  reduces  to  that  of  a  collective 
monopole  (/I,.)  with  .J  =  0(cr, )  at  a  resonance  frequency  x,, 
relatively  far  from  the  isolated  resonance  value  4, .  Expand¬ 
ing  /  andp  lToO(p’)andevaluatiiigihecIcmenlarysums 
yields 

>  +l=iV|l-/;Vl2  +  0(/>*)laA’.  (38) 


./  ■=  -1  Cv -/)> cos* ^ +  £>(/;*)  a 


Cv  = 


y‘  sin(n-/A’) 

.  I  sin(Jff/A’) 


A’ =3, 4 . 


£l 

(39) 

(40) 


For /laO.  J,  a(/;/2)'(f'/i’'\2ffi'J  which  dilfers  from 
y.  =:(/;/2)yri  in  that  i(  li.as  been  replaced  (appropriately) 
by  Sterling’s  approximation.  The  asymptotic  form  of  /,  fol¬ 
lows  from  Watson.' 

=.11  r  7.(p)rf(, - (34) 

p  Jo  v'f-f* 

For  p  <  2A',  we  need  rcl.ain  only  the  /  =  1  term  correspond¬ 
ing  to  I-  =  2A'. 

The  essentials  are  shown  by  the  leading  terms  for 
4v/><  2A’: 

J - t  +i(.  +  /rvS/  . 

fh©"4-f)l 

+  1  [lexp£rp  1*' 

2(irA’)«(l~f*)'''*  I  J  ’ 

(35) 

wheref  =  p/2N<  1.  As/;  increases,  the  oscillatory  decreas¬ 
ing  term /„  is  positive  with  minima  for$in(/>  —  (r/4)  =  —  I 
at/)=p„,  of  (1).  The  positive  monotonically  increasing 
term  /,„  increases  slowly  as  p  increases  through  iV  and  is 


where  the  leading  terms  sullice  for  sulTicicntly  small/;  and 
moderately  large  C^. 

For  such  cases, 

//{i,i)xNB  =  Ao.  Ao=  -l/(l+ir„), 

„  Y-Cy/y  x.*-at*(l+pCv) 
r„=__  = - — - (41) 

with  resonance  frequency 

x„=ar./()+p(7j''*<ar,.  (42) 

At  resonance.  Fa  =  0  and  —  Re  .«•  =  j.{’  j  =  I.  The  corre¬ 
sponding  scattering  cross  section'of  the  array  satisfies 

A'  =  <r,  (x,/Xo)*  =  rr,  ( 1  -hpC\ )  ></,.  (43) 

At  half-power,  r„(af,  )=  ±  1;  the  first  approximation  for 
the  peak  width  u;„  =  at ,  —x  ,  i  e., 

ir’„=:A'4/(l  -FpCvIsA'uiyd  d-pC^)*,  (44) 

suffices  to  indicate  the  trend  with  increasing  A.  but  more 
complete  results  follow  from  (41).  Discounting  the  immedi¬ 
ate  neighborhooo  of  the  contact  value  p  =  1/2  (for  which 
higher-ordermultipole  coupling  terms  are  required)  we  use 
p—  l/4forillustralions  Inclusionoftheleadingmonopole- 
dipole  coupling  effects  leads  to 
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p=>p(l-ffp'),  (45) 

Where;9=  1  5;1.3536,  1.1180, 0.9137  for  iV=  3, 4, 5,6.  How¬ 
ever,  the  larger  values  of  N  and  eouplmg  wilh  higher-order 
mullipoles  have  not  been  investigated. 

For  .V=  3-9,  C.v  (rounded  off  in  general)  is  given  by 
Cv;=2,  2.707,  3.236,  3.665,  4,  4.293,  4.549,  (46) 

Forp  =  1/4,  S/<r,  increases  from  1.5  to  2.137,  x^/x,  de¬ 
creases  from  0.816  to  0.684,  and  Wa/Wf  increases  from  1.33 
to  1.97.  For  iV=  10^16, 

C,v»4.774,  4.976,  5.16,  5.327,  5.482,  5.625,  5.758. 

(47) 

Foryi=  1/4, 5/0',  increases  from  2.194  to  2.44,  x„/x^  de¬ 
creases  from  0.675  to  0.642.  and  Wo/w,  increases  from  2  08 
to2.69.ForA'=17-23, 

C.v5:5.583,  6.001,  6.111,  6.216,  6.316,  6.411,  6.501. 

(48) 

Forp=  l/4,5/<r,  increases  from  2.471  to  2.647,  Aq/ji,  de¬ 
creases  from  0.636  to  0.617,  and  ii'o/to,  increases  from  2.78 
to  3.34.  All  values  of  Wa/w,  are  based  on  (44). 

The  increase  of  C\  with  increasing  A' is  csscnimlly  loga¬ 
rithmic,  as  shown  explicitly  by  a  simple  approximation 
based  on  the  leading  terms  of  Euler's  formulai 

S'/tJ)-  -1/^1)+  -  1 )  +  ("  '/(J)*. 

1  2  2  Jl 

(49) 

Thus 

C,4in£V— L_  +  2 

\  A7\sin(<r/A')  Ji  sm(jir/A’)/ 

=  ,4.^(sin|)iu(eot^).  (50) 

and  using  sin(  ir/iV)  s  ff/A'  yields 

C,~l+2ht(2A'/ff)sC,.  (51) 

For  A'- 6-8,  Cy  IS  within  1%  for  C,,  and  for  A>8  the 
differences  arc  less  than  or  about  2%  ,  For  A  ;>  1 2,  we  obtain 
belter  accord  by  using 

C,~C^.,  =  H.2lit[(2iV-H)/)rl.  (52) 

where  C, ,  |  is  within  l%of  the  values  of  Cv  given  in  (47) 
and  (48)  for  A'  =  13-23.  For  A’  =  24,  we  have  Cj,  =  6.588 
and  Clj4/C2,  “  1.008. 

The  final  form  of  (39)  requires  that p'/Cy  be  sm.iil  for 
the  form  of  the  resonance  frequency  atg  in  (42)  to  apply.  We 
obtain  a  bound  for  A'  for  an  assigned  accuracy  (e.g ,  2%)  by 
usingp~A[i’/n'  -  Xx/pir  to  construct 

po/\ICy  ~  Nx^.‘p7ryjc\  -!\’X,/ptTlCyil  +pCy]''‘ 

(53) 

intemsofC^  — Cv ,  i.ThusfonV  to37atp=  l/4,wehave 
pl/Ct,  <002  corresponding  top,, 3:0  383  and  C„ =7.372, 
ie.,  for  these  values  i  =  —Cy/y  to  within  2%,  and 
/  +  1=A'  to  within  1.23%;  for  this  case,  x„/x,  =0.59, 
S/cr,  =2.84,  and  ii'o/w,  =4.58  based  on  (44). 
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APPENDIX  A:  PERIODIC  LINE  OF  MONOPOLES 

For  incident  normally  to  an  infinite  number  of  mono¬ 
poles  with  spacing  d  along  thea  axis,  we  obtain  the  forms  ( 8 ) 
and  (9)  ill  terms  of  different  sums.  As  discussed  before,' 

l-fl,,// 

lr/1 

W=2^h{$kd),  ■^=1’?5«,  K  =  (1,2,3,...), 


'//—E  ^  h(k\T--sdi])mB‘/>.  (A2) 

FortlieexcludcdmtcgcrvalucsofA'd/2ff(  which  correspond 
toanalogs' ofthc  Wood  anomalies),  X'  reduces  to  the  har¬ 
monic  senes  and  diverges  logarithmically.  However,  since 
|r-sd2|=lsdj±r  for  sufficicnllj  large  |s|,  we  have 
/  = +  (e'*'  +  c  ‘•■)  //  /2,  where  .7  is  finite  for  v  =  «, 
Thus 


lim  //  -  lini 


ai.[.7  +  //  cosArl 
1  -  a„  // 


-cosAr  (A3) 


corresponding  to  a  standing  wave  along  the  axis  of  the  array, 
Thercarenosingularitiesni  »  foranysuchinultiplcscattcr- 
ing  problems,  (Sec  analogous  development'  for  the  doubly 
periodic  infinite  planar  array.) 

We  transformed*  '//  to  an  inllmie  set  of  conical-cylin¬ 
drical  waves 


t  cos  0,), 

sin  0,  =  2;in'/A(/,  «  =  (0.±  !,±2„..),  (A4) 


where  B  =  y>r‘  -  j*  is  the  distance  perpendicular  to  the 
axis,  and  m  <  A<//2n-  <  m  +  1.  with  in  =  Oor  an  integer.  The 
values  lsin0.1<l  .and  cos  0,  =  -  sin'X  for 

specify  2m  i  1  propagating  modes,  the  values  Ism  0,  ixl 
and  cos  0^  =  i(cos  0.1  for  l«i  .>  m  specify  an  infinite  number 
of  evanescent  modes;  grazing  modes  correspond  to  the  limit 
of  '//  for  Jsin  OJ  - 1,  the  equivalent  of  (A3). 

The  f  sum  is  elementary: 


ikd 


ln(  I  -  e'*'')  =  /  -f  r  1  , 


(A5) 


/  =-^am  +  \)~i. 

Kd 

‘  ^  sin—  “  2/nn-)l.  (A6) 

kd  2 

For  closure  wilh  Ihe  development  of  (A3),  we  note  that 
kd  -  2miT  =  kd(  I  -  sin  ),  so  that  if  =-7r/l-€  with 
€  small  (near  grazing),  then  sm  1  -  r/2  and 
cos  0^  The  dominant  term  of  //  is 
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Similarly,  the  dominant  terms  of  /i /Boi  (A4)  involve 

/2, 


Hi,"(kRcme„): 

■n 

SO  that 

kd  ^ 

The  limit  of  ^2/  for  $„-*7r/2^  f-»0,  is  identically  (A3) 
SinceA^i/2?r</n  4- 1,  it  follows  that 

2 


-In  e. 


)  —  In  f 


/>■ 


(A7) 


2m  +  2 

The  smallest  value  of  /'  arises  for  m  =  0  corresponding  to 
kd  <2!T,  the  case  of  only  one  propagating  mode  ^  To  facili¬ 
tate  comparison  with  (37)  and  other  forms  in  the  text,  wc 
revert  io  y  =  kd. 

For  2x  <y  <  2rr,  we  have 

,.5  >  .  2 


■l> 


.1  =-^ln  2sin-^ 


(A8) 


and 


1 


(/■+1)(1+;T) 
I  +  /  rr 


ff(l  +iT) 


(A9) 


The  corresponding  prop,igaling  part  of  u  is  a  simple  twO' 
dimensional  cylindrical  wave 

//l''(/.-«) 

-rr,v'txfi)  =  - 

>' 


4,  //>'>(;«)  = 


1+/T 


(AlO) 

with  monopole  coelhcicnt  equal  to  -  1  at  the  rcso* 
nanus dei(.inma-«J  b>  f  -  0.  Thcesaiiesunt  modes de|>cnd 
on 

kK  ~t{R/d}\{2nrr)-  —  (Adp 


and  decay  exponentially  as  cxp(  -  R  2«?rA/)  with  increas¬ 
ing  n  For  large  R  /d  and  large  kR^ 

//--V,.t2/;rA«j' V*"*  (All) 

i>  uppiupuau  fai  Add  foim  fot  a  ir^lmdiiud  mmiopulc. 

fTom  lA9j  with  y  as  in  (4),  the  resonance  Ircqucncies 
correspond  to 

y  =  ^ — - - it - .  <aI2) 

\-xt  1  -2^/>'ln|2sm//2[ 

Thus  for  y  =  5.723,  the  largest  value  that  arose  for  the  poly¬ 
gons  (the  case  A  — 20),  we  obtain  /s— 0.451, 
i  :z  -  0.207, and A  (1  +  v,  1  /2):s001372  (asconi- 
pared  to  the  polygonal  values  /  -  0455,  -  0.213, 

and  X  ,  .iO 01372)  For  >  —  6,  wc  have  / -  0.4764, 
-  i  =2  —  0.4217,  and  x  ~  0.01370,  The  corresponding  peak 


widthsat  half-power  are  of  order  ui^,  2  as  discussed  for  (23), 
I  c.,  u;/in^^0.546  and  0  518, 

Forsmally  = 

x^^xl/O  ~2p\ny)  T-2/)In/jA).  (A13) 

For  p  —  1/4,  we  have  x/x^  ^s0.6087;  this  is  practically  the 
sameas  the  valueat  iV  =  27  based  on  (42)  in  terms  of  (52). 

To  delineate  the  relation  of  ~  —  ( i  -f  /F)  “ '  for 
small^  =  x/p  to  the  analogous  result  for  the  circular  cylin¬ 
der,’  we  write 


0/C)--xH\^2p\n(p/x)\ 

x^rrp 

At  resonance,  r  =  0  reproduces  x  cf  (A13)  with 
—  (3/0*''^.  The  corresponding  scattering  coefficient 
=-.(14.  /y2>)  1  of  a  iwo'dimensional  monopole 
resonator  for  small  x  is  given  by' 


(2/C) -A^ln(2/coX) 
^  "  ;rV/2 


c„  =  1.78107... 

(AI5) 


At  resonance,  y'*’  =  0  forx -x,)2:0.0(M8=;0.3496x'^;  the 
value.Xo  IS  smaller  than  any  physically  realizable  value  based 
on  (A13),  i.c.,  for;?  <  1/2  we  require ,v>0.428v.  2;0.0059. 

For.y,,  based  either  on  ( A 14)  oron  (A15).thescattcr- 
ing  cross  section  per  unit  length  1$  given  by 
|./„|-4/A-J  with  i  /  „r  =  1  at  the  resonance 

value  ofx. 
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Comments  on  resonant  systems  of  scatterers 

Vjclor  Twersky 

Malhcmalics Department.  UniversityofWtnois.  Chicago.  Dtinois 60680 
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Details  are  provided  for  aspects  of  scattering  by  resonant  systems, 

PACS  number:  43.20.Fn 


This  letter  provides  contexts  and  details  for  remarks 
quoted'  from  a  recent  article’  on  multiple  scattering  by  finite 
regular  arrays  of  resonators.  Some  of  the  remarks  apply  for 
all  distances  of  observation,  and  the  rest  hold  for  the  far  field. 

The  article’  analyzes  scattering  of  an  excess  pressure 
field  s)  =  exp(iTfr)  by  arrays  of  monopoles  (of  radius  o) 
with  centers  at  b,  =  fib,  around  the  origin  r= 0,  for  arbi¬ 
trary  directions  of  incidence  (k)  and  observation  (f ).  Ap¬ 
plying  earlier  results,’  bescattered  field  ‘ii'|s  given  in  terms 
ol  the  appropriate  explicit  coefficients  X).(k)  for  seven  dif¬ 
ferent  regular  arrays  (with  minimum  separation  d  of  neigh¬ 
bors)  for  all  values  of  r>0  external  to  the  obstacles.  As  kd 
increases,  D,  reduces  to  the  isolated  monopole  scattering 
coefficient  Oo.  For  r<b,  "iy  consists  of  standing  waves 
for  r>b,  iiz  consists  of  radiating  waves  A  "’(Ac). 
TTie  internal  field  of  an  individual  obstacle(s)  follows  from 
continuity  of  the  total  field  *l'(r)  evaluated  at 

r  =  b, +a. 

IfAa— Oforany  valueofr,then  ‘ii'  —Oand'I'—iJ, There 
are  no  singularities  in  Discussions’ of  “real  poles”  and 


of  the  “removal  ofinfinities"  by  the  introduction  of  radiation 
damping  and  nonzero  radii  are  vacuous. 

Discussions’ and  plots  of  Figs,  3-1 1  for  an  individual  D, 
arc  misleading.  Key  features  are  distorted  because  “peaks 
narrower  than  2ka...  have  been  truncated  at  width  2ka"  to 
display  \D,/o„\ s.\{.  Thus,  for  axial  incidence  on  the  doub¬ 
let  (Fig.  3),  at  coordinate  values  (ka.kd)  =  (0.01389, 
0.55),  the  “maximum  effective”  peak  is  given  as  ilfs?  in¬ 
stead  of  the  actual  .Ms:  10;  this  value  is  not  the  largest  in  the 
range  shown  for  ka,  i.e.,  3/s24  at  (0.0140, 0  3553).  (The 
range  could  be  extended  to  pick  up  an  additional  order  of 
magnitude  and  still  maintain  the  restriction  that  d  be  suffi- 
ciently  larger  than  2a  for  the  simple  monopole  development 
toapply*’.)  The  discussions*  obscure  the  essential  physics. 
The  physical  interpretation  of  D,(k)  for  an  array  with  n 
dilferenl  separations  |b,  —  b, follows  directly  from  its 
decomposition’  in  terms  of/t  +  l  k-independent  oscillator 
mode  (^efficients;  All  characteristics  of  D.(k)  are  deter¬ 
mined  by  coupling  of  the  n  +  1  collective  oscillators  that 
represent  the  array.  For  example,  the  doublet  is  represented 
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by  coupled  mode-0  and  mode-1  oscillators,  at  axial  inci¬ 
dence,  the  peaks  correspond  to  mode-1  resonances  detuned 
slightly  by  coupling  with  mode  0. 

The  discussion  of  an  “obstacle/barner”  half-plane^  for 
Fig.  12  is  misleading,  the  half-plane  perpendicular  to  the 
triangular  array  (with  edge  at  its  geometrical  center)  gives 
nse  to  a  more  complicated  four-obstacle  problem  than  indi¬ 
cated.  At  a  simplified  (and  incomplete)  level,  the  incident 
wave  and  the  three  resonators  excite  cylindrical  waves  radi¬ 
ated  by  the  edge  of  the  half-plane,  and  the  two  flanking  reso¬ 
nators  excite  reflected  as  well  as  transmitted  waves. 

If  measurements  of  ^  are  feasible  in  the  near  field 
rajb,  -f  a  of  obstacle(s)  under  conditions  for  which  the 
fields  of  all  neighbors  are  negligible,  then  a  coefficient  /),  ( k ) 
could  constitute  an  observable.  However,  such  measure¬ 
ments  are  not  possible  in  the  far  field  of  thearray  (r>  6),  the 
context^  for  the  remaining  quotations.’  In  the  far  field,  r/b 
and  kr  large,  ^  factors’  to  A  (/:r)  ^  ( f ,k )  where  the  scat¬ 
tering  amplitude  ^  is  basic  to  applications.  The  scattering 
cros$scction5(k)  obtained  from  ^  determines  the  net  ener¬ 
gy  outflow  from  the  system.  Ail  values  of  |^(k,k)|  and 


5(k)  are  less’  than  twice  the  maximal  values  of  the  single 
scattering  approximations. 

The  only  observable  scat  tenng  amplitude  for  the  system 
of  resonatoi^  m  a  medium  free  of  other  obstacles  is  ^  (f,k). 
An  individual  Z),  is  not  observable  via  a  scattenng  amplitude 
unless  Z),  =  Z>,  the  special  cases  of  symmetrically  excited 
planar  arrays  for  which  iS  is  proportional  to  D.  Numencai 
computations^  for  an  individual  Z),  do  not  represent  physi¬ 
cally  observable  far-field  data,  and  their  peaks  and  locations 
\,kaykd)  are  not  representative  of  the  values  for  maximal 
scattering  by  the  system  as  a  whole.  In  particular,  for  poly¬ 
gonal  arrays,  the  maximum  values  of  \^\  and  S  occur  for 
broadside  incidence.’ 


•l.  Tolstoy,  J.Acou$l.Soc.  Am.  88, 1178-1179  (1990) 
*V.Tttcrsky,I.Acousi.Soc. Am  87,25(1990). 

*V  ‘n^mky,J.Math,Phys,3.88(l962);J.Opt.Soc.Am  52, 145(1962) 
*f.  Tolstoy,  I.  AcousUSoc.  Am.  80. 282  ( 1986);  81. 1987  ( 1987) 

^1.  Tolstoy  and  A.  Tolstoy,  2.  Atoust.  Soc.  Am.  82, 2086  (1988). 
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Victor  Twersky 

Mathematics  Department,  Universityof Illinois,  Chicago,  Illinois60680 
(Rcceived2June  1989;  acceptedfor  publication  18  August  1989) 

Earlier  results  for  multiple  scattering  by  arbitrary  configurations  of  obstacles  are  applied  to 
seven  regular  arrays  of  two  to  six  monopole  resonators  (with  radius  a,  maximum  scattering 
cross  section  ov,  and  normalized  resonance  frequency  =  A,a).  The  arrays  involve  m  =  1, 2, 
or  3  diflerent  values  of  the  separations  of  monopole  centers,  with  d  as  the  smallest.  For  each 
array,  the  corresponding  scattering  amplitude  reduces  to  a  sum  of  m  +■  1  collective  oscillator 
modes  F„  (orthogonal  in  the  same  sense  as  the  spherical  harmonics).  The  doublet,  triangular, 
and  tetrahedral  arrays  are  specified  by  two  modes,  Fg  and  F,;  the  square,  pentagonal,  and 
octahedral  arrays  require  a  third,  F,;  and  the  hexagonal  array  also  requires  a  fourth,  Fy  The 
scattering  cross  section  F  of  each  array  is  less  than  2Ntx^ ,  with  maximum  at  a  frequency  ka  =  x 
near  x,  for  relatively  large  kdrr^yrre  x/p^x.  Ify  >  2x  is  small,  the  F,  reduce  to  simple 
multipoles  in  terms  of  spherical  harmonics  and  elementary  functions  ofzf,  p,  and  x,.  Then  F 
has  narrow  resonance  peaks  F,  =  0(<r, )  at  frequencire  x„  relatively  far  from  x,  (with  Xo  <Xt , 
and  the  other  X,  >  X, );  the  averages  over  orientation  S,  add  up  to  Air,  (an  average  oscillator- 
strength  sum  rule).  The  separations  of  the  resonance  frequcnciesx,  and  the  fineness  of  the 
peaks  S„  (nonoverlapping  at  half-power)  provide  distinctive  signatures  for  diagnostic  and 
related  applications. 

FACS  numbers;  43.20.Fn 


INTRODUCTION 

An  earlier  paper'  derived  representations  for  the  mulli- 
plescaltered  field  ofan  arbitrary  configuration  ofx=  1  toA 
obstacles  specified  by  their  isolated  scattering  amplitudes g, 
and  locations  b.  The  field  was  expressed  in  terms  of  auxil¬ 
iary  amplitudes  G,  determined  by  functional  equations  in¬ 
volving  g,  and  radiative  functions  of  the  separations 
(|b,  —  b,|  =  b„>d)  of  obstacle  centers.  Expanding  g,  and 
C,  as  series  of  multipolc  coefficients  times  spherical  harmon¬ 
ics  led  to  a  system  of  self-consistent  algebraic  equations  re¬ 
lating  the  two  sets  of  coefficients.  Solutions  for  arbitrary 
propagation  parameter  k  and  directions  of  incident  (k)  and 
observation  (f )  were  obtained  for  two  obstacles,'  periodic 
arrays,’  and  other  distributions.’  Arrays  of  monopoles  were 
included  as  illustrations,'’  and  symmetrically  excited  cases 
( the  doublet  and  regular  arrays  on  a  circle  normal  to  k) 
served  in  a  tutorial  introduction'  to  multiple  scattering.  For 
monopole  resonators  (g,  =  a„),  with  radius  a  and  normal¬ 
ized  resonance  frequency  (x.  =  k,d),  the  frequency  shifts 
and  magnitude  changes  arising  from  mullipole  coupling  in 
periodic  arrays’  were  obtained  for  small  kd >  2ka  =  2x. 

Now  weconsiderseven  regular  arrays  oftwolosix  mon- 
opole  resonators  (with  maximum  scattering  cross  section  <r, 
at  X,  corresponding  to  [ffol  =  1)  Each  array  has  ffl<A/2 
difierenl  values  of  i„;  the  resulting  G,  =  D,(k)  are  highly 
symmetrical,  and  the  multiple  scattered  amplitude'  f^ff.k) 
for  the  array  reduces  to  a  set  of  /«  +  1  collective  modes 
F,  (f,k)  The  doublet,  triangular,  and  tetrahedral  arrays 
have  two  modes;  the  square,  pentagonal,  and  octahedral  ar¬ 
rays  have  three;  and  the  hexagonal  array  has  four.  The  oscil¬ 
lator  modes  F„  are  orthogonal  in  the  same  sense  as  the 
spherical  harmonics,  and  satisfy  the  same  constraints  (the 


Fcciprocily  and  energy  theorems)  as  and  g.  The  collective 
array  amplitude  S  constitutes  the  only  observable  scatter¬ 
ing  amplitude  in  a  medium  free  of  other  obstacics,  but  an 
individual  F,  may  constitutean  observable  m  a  subsection  of 
space  defined  by  an  appropriate  set  of  infinite  image  planes. 
(An  individual  D,  is  not  observable  unless  all  D,  =  D,  the 
special  casesof symmetrical  excitation’  for  which  tP  is  pro¬ 
portional  to  f>.) 

Complete  expressions^  for  ;#(f,k)  and  for  the  multiple 
scattered  cross  section  ^(k)  of  each  array  are  included,  but 
we  emphasize  only  key  aspects  that  help  delineate  the  essen¬ 
tial  physics.  For  each  array,  S  is  less  than  2A(7,  with  maxi¬ 
mum  at  x,v  orar  x,,  all  values  of  S  are  compatible  with  ele¬ 
mentary  physieal  considerations  of  interference  processes. 
(Discussions’  of  extraordinarily  large  scattenng  magni¬ 
tudes  and  of  poles  for  such  arrays  arc  vacuous;  discussions’ 
of  the  plots  in  Figs.  3-i  I  for  an  individual  D,  and  of  the 
“obstacle/bamer”  in  Fig.  12  are  misleading.)  Wealsoshow 
that  the  average  of  j  S'  ( k,k )  j  over  all  orientations  of  the  ar¬ 
ray  is  not  larger  than  the  single  scatered  maximum  value 
(i.e.,  |^|<A),  and  consider  other  physically  significant 
aspects, 

Ifyi = x/p  is  small  (with  p  =  a/d  <  1/2  as  the  packing 
factor),  the  F,  reduce  to  simple  collective  multipoles  in 
terms  of  spherical  harmonics  times  elementary  functions  of 
x,F,  andx,,  (Neither  poles  nor  other  singularities  arise  for 
X— 0.)  For  y  small,  S  has  narrow  resonance  peaks 
S„  ='  0(<r, )  at  frequencies  x„  relatively  far  from  x,  (with 
Xo<x,,  and  the  other  x,  >x, ),  The  averages  over  orienta¬ 
tion  A,  add  up  to  A'<r„  an  average  oscillator-strength  sum 
rule.  The  separations  of  the  resonancefrequenciesx,  and  the 
fineness  of  the  peaks  S„  (nonoverlappmg  at  half-power) 
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(1) 


provide  distinctive  signatures  for  diagnostic  and  related  ap¬ 
plications. 

In  the  following,  for  brevity,  we  use  ( 1 :8)  for  Eq.  ( 8 )  of 
Ref.  1  and  Fig.  3.5  for  Fig.  5  of  Ref.  3,  etc.  Section  I  intro¬ 
duces  notation  and  summarizes  aspects  of  scattering  theory 
for  one  or  more  obstacles.  The  mode  decomposition  ofg  for  a 
nonspherical  obstacle  and  the  small-x-  behavior  of  the  scat¬ 
tering  coefficients  a„  of  a  sphere  (for  various  special  cases  of 
its  relative  compressibility  and  mass  density)  are  considered 
to  provide  prototypes  for  subsequent  sections.  Section  11 
gives  an  overview  of  common  features  of  the  solutions  for  the 
regular  arrays,  and  Sec.  Ill  deals  with  explicit  illustrations. 

Sections  II  and  III  retain  only  the  isolated  monopole 
coefficient  Op,  but  Appendix  A  includes  the  dipole  Oy  to  ob¬ 
tain  monopole-dipole  coupling  corrections  to  the  resonance 
frequencies  of  the  doublet  at  close  packing.  Section  II  serves 
as  a  summary  and  reference  for  general  relations  that  apply 
for  all  illustrations;  the  summary  obviates  repetition  of  simi¬ 
lar  details,  and  the  sequence  of  topics  for  arbitrary  k  provides 
a  format  to  display  the  essential  physics  of  the  specific  arrays 
considered  in  Sec.  III.  For  each  regular  array,  the  simple 
algebraic  system  for  the  N  auxiliary  coefficients  can  be 
solved  by  elementary  algebra  to  express  the  /),  (k)  in  terms 
of  ni  -h  I  coefficients  B,,  and  the  array  amplitude  if  as  a 
sum  of  corresponding  modes  F,  (f,k).  The  F,  in  terms  of 
the  k-independent  are  basic:  Appendix  B  considers  D, 
and  Di  for  the  doublet,  and  shows  that  (k)  need  not  indi¬ 
cate  even  the  correct  order  of  magnitude  of  &. 

The  mode  development  emphasizes  that  each  regular 
array  constitutes  a  single  collective  obstacle,  and  clarifies  the 
physical  basis  for  the  similarities  and  dilferences  of  the  ar¬ 
rays  we  consider  sequentially  in  Sec.  HI.  The  mode  decom¬ 
position  delineates  that  =  IF,  represents  a  set  of  oscilla¬ 
tors;  the  resonance  characteristics  of  a  component  oscillator 
are  simple,  but  for  arbitrary  it  the  oscillators  arc  coupled.  To 
indicate  Ihcsignificance  of  coupling elfccts  on  peaks  of5(k), 
we  include  examples  of  the  associated  values  for  component 
modes,  and  show  that  particular  peaks  correspond  to  detun¬ 
ing  of  a  single-mode  or  double-mode  resonance,  etc.  To  pro¬ 
vide  physical  interpretations  of  mode  structures,  we  consid¬ 
er  related  problems  based  on  image  methods  (results 
obtained  by  superposing  array  solutions  for  two  or  four  inci¬ 
dent  waves):  individual  modes  constitute  observables  for  a 
single  monopole  over  a  free  or  rigid  image  plane,  or  for  a 
monopole  centered  within  a  corner  reflector  of  intersecting 
image  planes.  Them  +  1  modes  ofa  given  array  correspond 
to  the  fields  of  m  -f  I  sets  of  in-phase  and  out-of-phase 
weighted  monopoles,  and  the  F,  are  essentially  large-scale 
macnpole  analogs  that  generalize  the  multipoles  they  re¬ 
duce  to  for  small>>=Ar//>. 

The  characteristic  radiation  patterns  and  sequences  of 
peaks  S,  at  resonance  frequencies  x,  provide  distinctive 
scatterers  for  guidance  purposes,  for  designing  composite 
attenuators  and  filters,  for  identifying  clusters  in  propaga¬ 
tion  through  random  distributions,  etc. 

I.  SCATTERING  FORMALISM 

Tlie incident  wave ^  “"is given  by 

(}=«*■",  k-r-v=krk-f. 


f =f(0,^)  =zcosF  +p(ci>)sm6, 
p{f)  =  icos^  -j-ysiny, 
where  k  —  When  convenient,  we  use 

k  =  xsinacos,S  +  ysintrsinF  zcoscr 
=  xa,+}ai-i-za„  (!') 

with  a,  as  direction  cosines.  The  phase  origin  (where 
{!  =  1 )  is  fixed  at  r = 0  for  all  cases  considered. 

A.  One  obstacle 

For  a  single  obstacle  with  center  at  r = 0,  the  center  of 
its  smallest  circumscribing  sphere  (of  radius  a),  we  write  the 
external  field  (the excess  pressure)  as  -p  «,  where  a  is 

a  radiative  function;  the  internal  field  is  nonsingular.  For  kr 
and  r/a  large,  the  scattered  wave  «  has  the  form 

«~A(Ar)g(f,k),  g(f,k)  =g(  -  k,  -  f), 

wilh^g  as  the  dimensionless  scattering  amplitude  and 
!g(f,k)lVA’  as  the  differential  scattering  cross  section.  Re¬ 
stricting  discussion  to  lossless  scattcrcts,  the  energy  trans¬ 
ferred  via  interference  of  ^  and  u  in  the  forward  direction 
(f  =  k)  is  specified  by 

-Reg(k,k)  =-/yjg(f,k)p, 

=  r<fH(f)  f  f  ddsmtf,  (3) 
4ir  J  4ir  Jo  Jo 

where-/}'  is  the  mean  value  over  all  directions  of  observation 
f  The  total  reiadialion,  the  scattering  cross  section  a,  is  then 
ff(k)  =  (4irA-*).y<'(g(f,k)|*  =  -  (4n-/* ^)Reg(k,k). 

(3') 

All  scattering  amplitudes  we  deal  with  satisfy  the  reciprocity 
theorem  g(f,k)  =  g(  —  k,  -  f)  and  the  forward  scattering 
theorem  (3).  as  well  as  other  relations  discussed'  earlier. 

If  the  obstacle’s  center  is  displaced  to  r  =  b,  then  i/(  r )  is 
replaced  by  i/(r  —  b)e'“  with  «(r-  b)~gA(A  (r  — bj)  for 
large  A  (r  —  bj.  For  r>A,  we  have  |r  —  blsr  —  f-b,  and  for 
Af>  I, 

«(r— b)e**~A(Ar)ge'‘'^“'“  =  /i(A/-)ge"*''*’,  (2') 
with  jsAk-b  and  A  =  Af-b  as  the  incident  and  radiated 
phase  shifts  introduced  by  the  displacement.  When  conven¬ 
ient  we  decompose  A  (the  propagator)  as 

h=s]+in,  J-mY/Y,  n=— cosT/T,  (4) 

where  (A,/,ii)  =  ate  the  standard  spherical 

(llankel,  Bessel,  and  Neumann)  functions  of  otder  zero. 

For  the  sphere,*  in  tenns  of  Legendre  polynomials 
P,  ~  Fj,  Rayleigh  obtained 

g(f,ic)  =  '£  a,F,(rk), 

/(2n-H)A.  _  _2n±l_ 

I  —  <*«  i  +  ‘Y- 

The  scattering  coefficients  a,  are  well  known,*-’  and  general 
results  for  b,  =  l/y,  and  special  cases  were  discussed  be¬ 
fore.*  For  lossless  spheres,  the  y,  are  real,*  and 
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_Re«,=^  =  JflL. 

l-fT^  2«-M 

Taking  k  as  the  polar  axis,  we  have’ 

(pk)/>,.(f-k)=i  f  p„(0p^(S)‘is 

2  J~i 


P„(k-k)=R,(l)  =  l. 


It  follows  from  (5a)  that^of  (5)  satisfies  (3).  The  scatter¬ 
ing  cross  section  (3')  is 


k^^2n+\ 


Equivalently,  we  may  write  (5)  as  a  set  of  modes 

g(f,k)  =  X/.(f.fi),  /,(f,k)=/,(-k,-?).  (6) 

satisfying  the  orthogonality  relation  for  spherical  harmonics 
^/;(f,k)/;.(f,k)  =0,  for  nytn'.  (6a) 

Substituting  g  of  (6)  into  (3)  and  using  (6a)  yields 

-ReX/.(W)-  (6b) 

Forms  (6)-(6b)  also  follow  for  more  general  shaped  obsta¬ 
cles  b^  expanding*  m  terms  of  y;(f)  =  F;(cos  Ole'^^and 
Fjf  (k)  with  FJ  as  the  associated  Legendre  function;  for 
general  harmonics 

^<'l';(f)(F;.(f)]*=6^.iJ'^F;(j)F;.(f)rf? 


(n  -p  i-ll 
2«  +  1  (n  ~  >■)! 


.  /’:(!)  =5^.. 


A  special  (but  not  unique)  aspect  of  the  completely  symmet¬ 
rical  case  of  the  sphere,  is  that  from  (5a)  and  (5b). 

-<i'l/.(f,k)P= -Re/.(k,k).  (6d) 

i.e.,  eachmode/^  satisfies  the  same  relation  (3)  as*.  From 
(6a)  and  (6b), 

-tt(f.k)/J(f.k)  =  Rc/,(k.k)  (7) 

with  seattering  cross  section  equal  to 

"= (7a) 

Todisplay  less  symraetriciil  cases  forwhich  (7)  applies, 
we  write  th*  expansion  theorem’  for  the  Legendre  polynomi¬ 
al  as 


P.(i-h  =  P°.P:+2  X  ■/  .  F;ncosv(y-/3) 
--i  («-Fv)! 


=  X  Z:(f.k).  (7b) 

vwO 

/':/*:=^:(cos0)/>:(cosa). 

where  e  and  o  indicate  cos  cos  and  sin  sin  v^. 

From  (6c),  we  have 


.-<I'Zr,(f.k)ZJ,(f,k)=6„,.5^5,,(2n-i-I)-'Z;;,(k,k), 

(7c) 

where  i  =  e  or  o,  so  that  the  result  also  holds  for  Z  and  for 
any  set  Z,(f,k)  of  one  or  more  of  the  ZJ,  components  of 
F„  (pk).  Thus  (7)  applies  for  any  term  of 

XAZ,(f.k).  (7d) 

where  T,  is  real,  and  (7a)  applies  for  the  sum.  This  form 
provides  a  prototype  for  subsequent  decompositions  of  mul¬ 
tiple  scattering  amplitudes  for  regular  arrays  of  monopoles 
in  terms  of  more  general  functions  subject  to  the  same  con¬ 
straint  (7). 

For  a  sphere  with  relative  compressibility  Cand  relative 
mass  density  B~',  exclusive  of  either  F  =  1  or  C=  1,  the 
correct  leading  terms®  for  small  ka  =  x  follow  from 

V  ■■■  3-x’C  ^  i(B  +2) 

x’(C-l)’  7"  x>(B-l)’  (gj 

y,  =0(;c-'-’'’). 

For  the  excluded  cases,  if  only  F  =  1,  then,  in  general, 
y,  =  0(x:"’”’*),  and  yo  =  0(x"’)  dominates;  if  only 
C=  I,  then,  in  general,  yo  =  0(x“’),  and  y,  =  0(x“’) 
dominates,  I  Analogsof  the  first  with  r,  =  Oi*"’"’")  arise 
subsequently.)  IfbothF— I  and  C-l,orifa-0  (and con¬ 
sequently  Jt—0),  theny,  —  a,  — O,andgvanishesforthe 
tnvial  case  of  no  obstacle:  there  are  no  singularities  in  the 
problem. 

The  rigid  sphere  corresponds  to  fl  =  C= 0  in  (8);  then 
Yo—  —  ix~\  y,  a  6x~’,  and  all  y,  except  y<, arc  positive. 
The  free  surface  (pressure  release)  case  corresponds  to  infi- 
niteCandFin  (8).  witliy(,=  — pc''andy,=  — 3*"’,so 
that  yo  dominates;  ally,  are  negative.  (Thcdilfcrcnceinsign 
ofO(jf '  “  ’*)  terms  of  F,  that  arise  subsequently  facilitates 
interpretation  of  multipoles  as  either  rigid  or  free. ) 

If  C and  B  arc  finite  but  very  large,  then 

2-x^C  xl-x^  3 

with  resonance  ()'=s0)  at  x  =  (3/C)‘^*,  where 
Oq  =  —  I.  For  x/Xf  =a  X  increasing  from  zero,  the  normal* 
ized  function  yXf  =1  (  \  ^X^)/X^  decreases  initially  as 
X  vanishes  a\Xs=\,  has  its  minimum  value  2/3v3  at 
X^\^,  and  then  approaches  zero  as  — A'”*'.  The  bench¬ 
mark  values 

0,  -!/;c  (8b) 

(withcorresponding  [ad  =  l,x)  highlight  the  behav¬ 

ior  at  very  low  frequency,  the  resonance  frequency,  and  the 
higher  frequency  pressure  release  range.  From  |ai|jsx^  we 
have  the  smallness  of  ;c*  provides  a  crite¬ 

rion  for  neglecting  the  dipole  as  well  as  the  higher-order 
terms  of  the  monopole.  (We  Include  ai  only  in  Appendix  A 
to  illustrate  the  simplest  monopole-dipole  coupling  effects 
in  multiple  scattering.) 

The  primary  development  is  based  on 
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The  corresponding  jcoJ*=  —  Reao=(l  +  7^)  Ms  a  max¬ 
imum  at  resonance: 

x=x^,  o„=ao^=-l,  Io„^l*=l.  (9a) 

The  half-^wer  values  ([ffol^  =  j)  are  at  a:  =ac^  ±  x]/2, 
and  the  half-power  peak  width  in,  =  =  jcJ  is  nar¬ 

row.  In  the  pressure  release  range,  the  scattenng  cross  sec¬ 
tion  (r  =  4jr|i7o|V/:“  approximates  4to’  =  o‘’,  the  surface 
area  of  the  sphere  (fwice  the  asymptotic  high-frequency  val¬ 
ue  of  <r  based  on  the  complete  g,  and  four  times  the  geometri¬ 
cal  cross  section);  the  scattering  cross  section  at  resonance 

=  4jrA  I  =  4™  VxJ  =  o“/xJ  =  (/’C  /3  (9b) 

IS  orders  of  magnitude  larger. 

For  numerical  purposes  we  use  Cj=  1.589x10*  and 
J5  ’  =  1.3x10“^  (appropriate  for  an  air  bubble  in  the 
sea)’-”’  to  obtain 

X,  =0.013740,  rr,si5300(7“  =  2.12XlO*ira^  (9c) 

Form  OoOf  (^)  suffices  for  x<0.1,  but  with  increasingx 
additional  coefficients  a,  and  more  complete  forms  of  are 
required.  The  values  in  (9c)  correspond  to  the  leading  reso¬ 
nance,  the  largest  peak  of  cr  and  the  lowest  resonance  fre¬ 
quency  (the  first  for  the  monopole);  the  next  peak  is 
<rs;14.2(7“atx:s0.46  (the  first  resonance  of 'he  dipole).  For 
X  increasing,  a  double  infinite  set  of  values  x.,,  lead  to 
y,  =0  and  a,  —  —  (2«+  1)  with  associated  radiation 
t>“(2«  +  1  )/(x,„ )’  corresponding  to  the  /nth  resonance  of 
the  oscillator  represented  by  a, .  The  significance  of  subse¬ 
quent  peaks  depends  on  the  background  radiation  of  the  oth¬ 
er  modes;  detailed  numerical  results  are  available. '“Thus,  in 
general,  the  form  a,  ( y, )  represents  an  oscillator  and  g  rep¬ 
resents  a  sum  of  coupled  oscillators. 


B.  Many  obstacles 

A  bounded  array  of  j  =  1  to  iV  obstacles  is  specified  by 
the  isolated  scattering  amplitudes g, ,  and  the  locations  b,  of 
the  centers  with  respect  to  r  =  0.  such  that  -V  and  b,  qh  arc 
finite.  For  r>  b,  the  scattered  part  of  the  solution  external  to 
all  obstacles  ('k  = ;}  -b  ‘^)  satisfies' 

‘2'(r;k)~)i(/;r)ff(f,k),  S'(f,k)  =  £?(  -k,-f), 

(10) 

with  3”  as  the  scattering  amplitude  of  thearray.  For  lossless 
obstacles  the  scattering  cross  section  5(k)  of  the  array  ful¬ 
fills 

S(k)  =  (4ir/A'^)-3'j;ytf,k)|^"=  —  (4ir/A'^)Re  y  (k,k). 

(10') 

These  are  the  same  forms  as  (2)  and  (3'):  the  array  consti¬ 
tutes  a  single  collective  obstacle  with  scattering  cross  section 

5(k)- 

As  discussed  before  in  detail,'  we  can  decompose  n  as 

(r;k)  =  f  y,(r  -  b,)e"v  S.  =  k-b,  =  Ak-b,  =<5,(k) 

(11) 

where  ,  a  radiative  field  everywhere  outside  of  obstacle  s, 
depends  on  the  locations  and  properties  of  all  obstacles  in  the 
array.  For  r/b,  and  kr  large. 


«.(r-b.)~A(A|r-bJ)(?.(fik) 

~A(Af)e““'G,(f.k), 

A.  =  Apb,=5,(f),  (12) 

where  <7,  (the  multiple  scattering  amplitude  of  obstacle-5 
Within  the  array)  reduces  to  g,  with  increasing  separation 
k  jb,  —  bg  j  =  kb„  of  Its  neighbors.  In  terms  of  G^, 

^(f,k)  =  2  ff,(f-k)e'“''"'''’.  ^(k.k)  =  X 

(13) 

Various  functional  representations  [integral  equations 
(!:34)»  algebaric  systems  (l:42)yetc.]  for  the  auxiliary  am¬ 
plitudes  <7,  in  terms  of  g,  and  b,  —  b,  =  b„  =  were 
derived  and  applied*”^  to  construct  ^  or for  determining 
the  observable  scattering  characteristics  of  bounded  and  un¬ 
bounded  arrays. 

The  simplfWt  problems  involve  only  monopoles  g,  =  Cq 
and  G,  =  Z),(k).  Then  the  self-consistcnt  algebraic  system 
(1:44)  reduces  to 


y„  =  kb„>kd=y,  <$„  =  <$, -5, 


.  (14) 

=  Icl).,  =>’»1>« 


as  follows  directly  from  elementary  physical  consider¬ 
ations.'  For  increasing^,  all  propagators  A  (y„ )  tend  to  zero, 
D, —oj,  and  if  reduces  to  the  single  scattenng  approxima¬ 
tion. 

Form  ( 14)  IS  based  on  the  isolated  monopolc  wave 

=  aih(k{r-h,\)e‘‘-  (14') 

and  the  corresponding  auxiliary  wave 

(/,(r-  b,)/'  =  Z),/i(A  |r  -  b,!)A  D,  =  Z),(k). 

(15) 

Wc  expect  (14)  to  apply  for  b„  hirge  enough  compared  to 
the  sum  of  the  respective  radii  of  scallereisi  and  I,  but  analy¬ 
tical  criteria  for  validity  require  more  complete  forms  of  u, 
and  I/,  that  include  higher-order  multipoles.  In  particular, 
the  closed  form  solution  (1:72)-(1:75)  for  the  doublet  of 
two  different  spheres,  each  charactenzed  in  isolation  by  a 
different  monopolc  plus  dipole,  provides  criteria  for  the 
simpler  cases  of  two  different  monopoles  (1,63)  as  well  as 
for  two  different  dipoles  ( 1.69).  See  discussion  after  ( 1,75/. 
Ill  Appendix  A,  we  apply  (1:75)  to  consider  the  effects  of 
monopole-dipole  coupling  on  the  resonance  frequencies  of 
the  doublet  of  identical  monopoles. 


II.  REGULAR  ARRAYS 

The  simplest  finite  arrays  correspond  to  obstacle  centers 
at  the  vertices  b,  =  ib,  of  regular  polygons  or  polyhedra  on 
a  sphere  of  radius  r=  6;  for  these  2b,  =0  with  constant 
b.-b,  between  nearest  neighbors.  Each  array  has  m<N/2 
different  values  of  b„>d  known  explicitly  in  terms  of  the 
smallest  (an  edge  of  one  of  the  regular  figures).  A  regular 
array  of  identical  monopoles  is  particularly  simple.  The  2), 
obtained  from 
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A(k)  =ao(l  +2'A(k)A(}'„)e"""), 

2'=X’  ■>’«»’  (■*) 

are  highly  symmetrical,  and  the  array  amplitude 

^(f,k)  =  V  (17) 

5«{ 

reduces  to  a  set  of  /n  4*  1  collective  orthogonal  modes 
that  satisfy  (6)  and  (7). Thus 

S?(r,k)=  £  F,{T,i\  i^,(f,k)=F„(-k,-n, 

<18) 

^/f,(f,k)/^:.(r,k)  =  -<5„^  Re/^,(k,k),  (18') 

where  w  4- 1  is  the  number  of  distinct  eigenvalues  of  the 
matrix  for  the  system  (16). 

We  analyze  seven  arrays  for  iV = 2  to  6,  and  arbitrary  k 
and  f:  the  doublet,  triangular,  and  tetrahedral  arrays 
(ms:!)  are  specified  completely  by  two  modes  Fq  and  Fn 
the  square,  pentagonal,  and  octahedral  arrays  (m  =  2)  re« 
quire  a  third  Fjj  and  the  hexagonal  array  (m  «  3)  also  re« 
quires  a  fourth  F^.  We  obtain  w^'(f,k)  as  well  as  the  array 
scattering  cross  section 

S(k)  =  R  Air/k^  =  Ra,(x,/xf, 

R=  -Re£('(k,k)=  Re^;(k,k)  =  X 

(19) 

The  final  form  of  S  is  normalized  with  respect  to  isolated 
monopolc  resonance  values  to  facilitate  comparisons.  For/ 
increasing, /{ tends  to  A' (flop  and  ,9  tends  to  A’ir.  The  maxi¬ 
mal  value  of  .9  (and  the  associated  values  of /  =  ),■</  and 
X  =  Afl),  and  the  maximal  shills  of  X  from  x,  that  yield 
S=Oia, ),  are  included  for  all  cases. 

The  collective  array  amplitude  £f  constitutes  the  only 
observable  scattering  amplitude  in  a  medium  free  of  other 
obstacles.  An  individual  F,,  may  constitute  an  observable  in 
a  subsection  of  space  defined  by  an  appropriate  set  of  image 
planes  through  r  =  0;  several  examples  are  included.  An  in¬ 
dividual  V,  is  not  observable  unless  D,  =  D,  the  special 
cases  of  symmetrically  excited  planar  arrays’  for  which  &  is 
proportional  to  D.  (Numerical  computations’  for  an  indi¬ 
vidual/),  do  not  represent  physically  observable  data.)  The 
D,  contain  additional  terms  that  cancel  in  the  sum  a 
simple  example  is  given  in  Appendix  B. 

In  order  to  introduce  notation  and  terminology,  westarl 
with  normal  incidence  on  planar  arrays,’  and  then  sketch  the 
common  features  of  the  general  mode  development  for  arbi¬ 
trary  k  for  all  arrays  analyzed  in  Sec.  III. 


A.  Symmetrical  excitation 

The  closed  form  solution  of  ( 16)  forsymmetrical  distri¬ 
butions  on  a  circle  normal  to  the  direction  of  incidence  (say 
k  =  z)  was  given  before.’  For  such  cases  (z-b,  =0),  the  net 
excitation  of  each  obstacle  is  identical,  and  consequently,  by 
inspection. 


1  ^ 

(20) 


as  discu^ed  after  (3.T4).  The  sum  is  independent  of  one  of 
the  two  interchangable  dummies,  and  we  may  take,  e  g , 
s  =  1  and  sum  over  /  s=  2  to  M  or  the  converse,  etc.  They,, 
for  regular  polygons  are  known  constants  limesy  so  that  ^ 
is  a  known  function  ofy.  Fory  increasing,  ^  tends  to  zero 
and  B  reduces  to  Oq. 

The  corresponding  array  amplitude  equals 

=  B  X  e~“'  =  .8 X ^(z,z)  =A®. 

tml 

(20') 

Since  —  A,  =A,(-f),  it  follows  that 
£7 (f,z)  =  ^(  —  z,  —  f),  as  may  also  be  obtained  by  direct 
summation  of/),  (  — f)  =/),[c'^‘’']  of  (16). 

Decomposing  the  weighted  sum  of  propagators  into  real 
and  imaginary  parts,  <%"(/)  =/'  +  i/K,  we  generalize  the 
isolated  scatterer  form  Oo  =  —  ( 1  -F  iy(x)  ] ' '  by 


fl(/r)=  -(1  +iy-F,r)-' 

=  -  (1  +/'  +  i()'+-^('‘)J“‘ 

=  -|»'(1  +  <T)]-', 

)/=!+/,  (21) 
ReB=  -(Jni  +  r’))-'=  -tFIBp, 

2' (2>a) 

where  W  =  IVly)  and  P  =  Pix/). 

The  corresponding  scattering  cross  section  is  propor¬ 
tional  to 


^|S'(f,z)l’  =  |BlU  jxc‘“'r 


=  +  (21l>) 

where =y„pb„.Toevaluatc^e^“,wetakeb„  as  polar 
axis  and  obtain 

vZ? exp(r/„Fb„)  =  -^  f  cos(/„f)r/f 

2  J.i 


sin/» 


=/'(/«) 


(22) 


(which  also  suffices  for  all  averages  in  subsequent  sections). 
Using  (22)  in  (2Ib),  and  then  (21a)  and  (20a), 


-aPlSf  (f.z)|’  =  {B  I’AIP  =  -  A'Re  /( 

=  -Re^(z,z)sS(xj>) 
(23) 

shows  that  ^(f,z)  satisfies  the  required  forward  scattering 
theorem  (3). 

We  have 

/^(xj')=iV[(!+/)(i'f  r')r' 

<iV(I+/')'>sR(y),  (23a) 

as  weHas|^(z,2)|<R(y).  We  regard  (the  normal- 
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ked  frequency)  as  the  variable,  and  x/y=^a/d^p  (the 
packing  factor,  p<  1/2)  as  the  parameter;  however,  when 
convenient  we  take  both  a;  and  y  as  variables.  All  resonances 
correspond  to  r  =  0,  ~  ^(2,2)  =;{(y), 


/{(y)= - S. - 

-ny)=J:n(y„). 


■  1  -x^ny)  ’ 


where  R(x/p}  vs  x  is  the  envelope  of  the  magnitudes  for  a 
givenvalueofp.Thepeakmagnitude/J  =  isdetermined 
by  the  vahiey  =y^  that  minimizes  1  +  /'(y);  the  lesullmg 
value  (y^  )  then  specifies  the  .associated  frequency 

f  )>  -0.5 

(which  also  holds  asymptotically  for  all  N),  and  Jray,  to 
within  0.2%;  consequently  -Re  S’=ia’)<2^  and 
5<  2iVov .  The  maximal  shifts  in  resonance  frequency  from 
At,  that  yield  S  =  0{<r, )  arise  for  smally  a  x/p.  We  reserve 

furtherdiscussionofsymmelricallycxcitedperiodicringdis- 

tributions. 

B.  Arbitrary  direction  of  Incidence 
From  ( 16)  for  arbitrary  it, 

^  <«) 

where /'  (tf)  is. a  weighted  set  of  exponentials  exp(/5, ).  The 
havelheformin(21). 

0.  «0.(<r,)  Bay'd  _n»)}-,) 

“  -(JF.(l+/r,)J-‘. 

'f:  =  1+/-,.  r.  B(y+,,rj/ip^. 

RcR,=  -)K,|)),)l.  (2^^, 

with  ='/'»  +  as  a  weighted  set  of  propagators 
"0’«  )l  in  particular,  Tli(y„ )  generalizes*?'' of  (20) 

to  include  polyhcdra.  From  (16), 

=  ^0/0.  ‘ 

=  X  ^  W).  2  /;  =  0,  for  nySO; 

(24b) 

The  /J  are  independent  of  s,  and  the  other  /;  consist  of 
diiferences  of  exponentials  whose  sum  over  s  vanishes-  the 
last  equality  follows  from  (24)  because  D,  and  B  -L  as 
)'-«  Substituting  (24)  into  (17)  yields  (18)  with 
PAfM)  ~ B,L,i,r,i.)/N, 

i,(f,k)  =  i,(-i<,-f) 


WewrileT.„(f,k)  as 

hm  (Wov,  (  -  A)  =  =  w,  (25b) 

and  express  the  other  i,  in  terms  of 

e'*--e'*<=r„(d)  =  r„,  r„(_A)  =  r;„  (250 

as  weighted  sets  ofthe  product  form  T„T'„  (but  alternative 
groupings  may  be  used).  Applying  (22),  it  can  be  shown  for 
all  cases  considered  subsequently  that 

*^L^(f,k)Z;;^(fi)  —  (25d) 

Consequently,  theF,  (f,k)  areorthogonal  in  the  same  sense 
^  the  spherical  harmonics,  and  the  modes  satisfy  (18'). 
&ch  coeflicicm  B„  represents  an  oscillator  essentially  as 
discu^d  for  (21)ff,  and  3!  represents  a  set  of  oscillators 
(coupled  in  general).  We  could  expand  all  i’s  as  infinite 
subsets  of  spherical  harmonics,  but  the  expansions  in  terms 

of  exponentials  are  simpler  and  emphasize  the  essential  sym¬ 
metries  of  the  arrays. 

In  the  forward  direction,  / '  =  /  *  and  7"  =  T*,  and 

c*  ti  t\  ffnf-^fk.k)  ,  _  IZ 

F,(k,k)=-i_l^BR,F,(k)= - 

^  K(\  +  ir,)' 

K(i)>0,  2  F,(k)BA',  (26) 

where  the involve  weighted  sums  of  appropriate  subsets 
(C)  ofeos5„  ‘»cos(y„k'b„ ).  The  forward  scattered  array 
amputuoe  reduces  to 


>(£,(()  =  VR  P.B 

^IF,(|+,T,)’ 

-  Re  i^fk,!!)  =  R  a  2  R„ 

«,  =  -  Re  F,  (£,k)  B  F,  (k)/)F,  ( 1  +  Fj ), 

(26a) 

whll  H;  =  1  +/■ ,  and  r,  B  (Y  +  ^rj/IV,  as  in  (24a). 
I  he  scattering  cross  section  F  of  the  array  follow  s  directly 
from  (19)  in  terms  of  R.  The  sum  SF./IF,  provides  an 
unrealizable  upper  bound  for  R  and  for  Ibflik)!.  For  all 
cases  analyzed  numerically,  R  is  less  than  2iV,  and  Ris  less 
than  2Ao,:  all  values  ore  compatible  with  elementary  phys¬ 
ical  considerations  of  interference  processes. 

Foi  each  array,  we  also  obtain  the  average  of  i9  (k,k) 
and  of  S(k)  oyer  all  orientations,  or  equivalently  over  all  k. 
Using  (22)  with  f  replaced  by  k  converts  the  integrals  of 
cos  5„  toytp., ),  and  the  average  of  F„  (£)  ,s  g,vcn  by 

=  v,(l  +/J  = 


=  2/;(5)c  '^'bX/U-AIc-*'.  (25) 


In  the  ^forward  direction,  Z,,(k,k)  =  i  ( -£  _£) 
=  t„*(k  k)  is  real.  Since  D.  and  R,  for/-.  the  two 
forms  ( 17)  and  (18)  of  i!-'  yield 

A  N  .-e,  (25a) 


wherer^  is  an  appropriate  integer.  The  averages  of  fif(k  k) 

and  R(k)  satisfy 


(l+rTJ  ' 


(l  +  Fi)  ' 
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In  general  (except  former  i),  =iV is  realizable ^lyfor 
y'^oo  and  y—0,  with  y  increasing,  and  R'^N/ 

( 1  4*  the  single  scattered  value. 

For  small _y  =  Ar/p>2x,  theZ-^,  and  fV„  areO(>^"),  and 
L„/N1V„-<(2n-h  i)Z„  withZ„  as  sets  of  the  sphencal  har¬ 
monics  associated  with  -P^(rk)  as  in  (7b)fF.  Then  the 
reduce  to  collective  muUipoles 
F„(W^^„Z„(r,k), 

-‘(2«  +  I)/(l-f/rj,  (27) 

==  2  A,Z„, 

n«0 

with  r„  as  a  simple  function  of  x,  p,  and  x^.  Thus,  since 
=c„/y‘h  0(y),  we  have 

=  (jc;  -pO]Kyx-‘"^’  (27a) 

such  lhat  <■(,  is  negative,  and  all  other  numerical  factors  c, 
and  A",  (with  Ka  =  N)  are  positive;  the  corrections  arc 
0(^-j«+i)  Atarcsonance,  P,  =  0. 

;cj  =ar?/(l  -pc,),  =  -  (2«  +  l)Z,{f,k), 

,y,(k)  =  (2/1+  l)Z,(k,k)(l  -pc,)<r„  (27b) 

where  jTo  =  x,/(  I  +  p|Coi)''^  <ar,  but  all  other .v,  >Arf.  Ex¬ 
cept  near  special  directions  where  a  particular  Z,  can  van¬ 
ish,  5,  =  0(0,,).  The  half-power  peak  width 

«/,  =  xj"  *  VA',?*"!  1  -  pc, ) 

=x''*Va:.p’'{i  -pc,)’"  ’ 

=  0(/c;  +  ')  (27c) 

indicates  that  v>o  is  compataolc  to  the  isolated  monopole  val¬ 
ue  to,  =  xj  but  that  all  other  ic,  are  much  smaller;  thedilTer- 
ent  widths  do  not  overlap.  The  frequencies  corresponding  to 
the  locations  and  separations  of  the  fine  peaks  provide  dis¬ 
tinctive  signatures  for  diagnostic  and  related  purposes. 

From  (7b)  and  (6c)  we  have  ZY=  ZJ, 
=  l/(2/i+  1);  the  numberof such  terms  inaparticularZ, 
of  (27)  is  1',  so  that  Z,  =  l■„/(2/£+  I ),  and  the  average  of 
A',  (k)ovcrorientation  reduces  to^„  =  i',(l_— pc,)o,such 
that2i',c,  =0.  (ThcMmcA,  follows  from  A,  of(26c)  for 
r,  =0;  we  obtain  A,  ■kv,o,(x,/x, )*  and  then  use 
(x,/x,  )•=:  I  —pc,.]  Thus  the  averages  over  orientation 
satisfy 


2  -S'.  =  X  *■,  ( I  -pc,  )<7,  =  Na„ 
«“0 


(28) 


an  average  oscillator-strength  sum  rule  for  magnitudes  ob¬ 
served  at  the  interrelated  resonance  frequencies  (x,  )j  the 
resonance  wavelengths  (<1,  =  2ir/k„ )  satisfy 
2v,/l  i  =  iV/i  J.  The  integers  v,  are  the  multiplicities  of  the 
eigenvalues  ( I  -  )  of  the  matrix  for  the  system  ( 16); 

the  trace  satisfies  2v,  ( I  —  )  =  A',  so  that 


i  v,^.(y)=0. 

A-0 


(28a) 


The  sum  rule  is  based  on  Zv„c„  =  0  which  corresponds  to 
the  limit  of  fory—O. 

The  essentials  of  the  nonresonant  behavior  of  the  F„  are 
covered  by  the  following.  Corresponding  to  the  sequence 
(8b)  of  benchmark  valu^  of  y  for’increasing  x, 

r.  =  0(xJx-’-^''),(2/i  -  l)0(x-‘^*"),  -£»(x-'-*"), 

(28b) 

where  the  exponents  and  signs  are  discussed  after  (8).  If 
jc-*0,  then  ^  —O;  there  are  no  poles  or  any  other  singulari¬ 
ties  in  any  such  multiple  scattering  problems  that  have  been 
properly  analyzed.  For  all  such  cases,  the  collective  mono¬ 
pole  =  —  ( i  -f  /Fq)  " '  dominates,  and  ^  have 

p\co\/xt.  -  (1 -h/»Icbl)A.  (28c) 
If  then  \^]7:'Nx^/x\  approximates  the  single  scat¬ 
tered  value.  Ify  =  0,  then  Fq  corresponds  to  a  collective  free 
monopoly  and  the  remaining  F„  to  collective  rigid  multi- 
poles.  For  the  free  surface  isolated  monopole  range 
(y=  —  i/x),  all  collective  multipoles  are  free. 

On  the  other  hand,  if  one  of  the  m  -f  1  modes  is  m  reso¬ 
nance,  r„(A:,)  =0,  then 

r,f(x,)=  ±0(x,-'-»”),  for«'^«,  (28d) 

where  the  T,  (x„ )  correspond  to  free  collective  muliipoles 
for  n'  <n  and  to  rigid  for  «'  >  n.  For  FofXo)  =  0,  all  the  re¬ 
maining  modes  are  negligible.  For  F,  (x, )  =  0,  because 
+■,(,,!{)  and  A,(k)  may  vanish  for  special  directions,  we 
note  that  the  background  monopole  is  determined  by 

Fo(x,)= -p(lcol  +  c,)/iVx,.  (28e) 


C.  The  field 

From  (11)  and  (15),  the  total  field  ((5  -f  external 
to  all  monopoles  is  specified  by 

^(r;k)=  2  A(*|r-b,|)Z>,(k)e^  (Ha) 

with  Z),e^*  as  in  (24).  At  the  geometrical  center  (r  =  0)  of  a 
regular  array, 

T  f 

(lib) 

witli.^o3n<l  A.v)  as  discussed  for  (24a)  and  (24b).  Forpoly- 
gonal  ariays  normal  to  z,  the  field  along  the  center  line 
(r=sz)  is  given  by 

%(zih  =  Mkyl?TP)BJf^(S).  (lie) 

For  the  doublet  with  axis  along,  z,  we  use  r*  =  2^  -f to 
write  the  field  in  the  midplane  (rs/?)  as 

^(/>,k)  =3  A(/:\P  +  P)2fiocos6,,5,  =  /:/)k'z, 

(lid) 

More  gener^My  for  arbitrary  r  external  to  all  monopoles  we 
use  (Ua)  m  terms  of  (24)  and  expand  the  propagator 
A  3=  AJ**  as  the  series 
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A(*lr-b,|) 

=  X  (2m  +  \)j„(kr^)h»\kr^)P„(i-i,) 

withr^  =randr^  =i  forr<A(standmgwavesinAr)and 
conversely  for  r>b  (radiating  waves  in  kr).  Grouping  the 
various  i  factors,  we  isolate  the  B„  and  the  subsets  of  spheri¬ 
cal  harmonics  appropriate  for  a  particular  array.  Analogous 
results  for  regular  arrays  of  cylindrical  monopoles  parallel  to 
z  follow  from  the  forms  for  tegular  planar  arrays  (e,g.,  from 
(11c)  with  .Bo  =  ■P  tts (20)  I  on  replacing  spherical  func¬ 
tions  by  corresponding  cylindrical  functions. 


III.  ILLUSTRATIONS 

The  seven  regular  arrays  for  =  2  to  6  considered  in  the 
following  are  grouped  form  =  l,2,and3under.4,B,  andC. 
For  each  array  the  b,  are  listed  in  Cartesian  coordinates,  and 
Z),  is  exhibited  directly  in  terms  of  )and  /,jv,  and 

T",,;  in  general,  the  other  D,  follow  by  cyclical  interchange. 
We  then  list  the  modes  F,  (f,k)  and  proceed  as  for  (26)fr 
Several  examples  of  image  methods  are  ineludcd  to  facilitate 
interpretation  of  the  mode  strueture  that  is  key  to  the  devel¬ 
opment.  We  start  with  a  special  case  of  the  earlier'  result  for 
two dilferent  monopoles,  and  give  Bo(<^o)  atttl  ex¬ 

plicitly  to  provide  prototypes. 


A.  Two  collective  modes 

There  are  three  regular  figures  for  which  each  vertex 
(b,  =  ib, )  is  at  the  same  distance  d  =  b„  from  the  others; 
thcdoublet  ( rV=s  2),  equilateral  triangle  (W  =  3),  and  tetra¬ 
hedron  (A' =4);  forthesc,b/b,  te  —  1,  -  1/2,  —  l/3,and 
d /A  =  2, 1 3,  v173,  respectively.  Eichcorrespondingarray  of 
monopoles  involves  only  one  propagator 
/i(/frf)  =  /ity)  =  /i  ay  +  m,  and  the  multiple  scattered  ar¬ 
ray  amplitude  of  each  consists  of  only  tnocollectivcoitliog- 
onal  modes 

i3'(f,t)=Fo(f,k).fF,(f,k).  (29) 

1.  The  doublet 

We  take  z  as  the  doublet  axis,  and  work  with  d  —  2b, 

b,  =  z=-bj,  5,  =  (>’/2)k-b„ 

A,  =  (j’/2)rb„  k-b,  =  cos  a,  pb,  =  cos  0. 

From  ( 16)  in  terms  of 

US)  =  e-s-  +  e^.TniS)  = 

2D,e“'  =  B„{h)l(S)  +B,(-  h)T„iS),  (30) 

Fo(A)  =  V(l-aoA)=  -(iF<,(l+rr„)r', 

W'o=l+;.  Foe^fr+ni/iFo,  (30a) 

B, (  -A)  =  Oo/(l  +aji)  =  -  [IF,(1  +iT,)]“', 

IF,  =  l-y,  r,  =  (y-n)/(F,.  (30b) 

Substituting  />,  and  the  corresponding  D2  that  follows  by 
cyclical  interchange  into  ( 17),  we  obtain  (29)  with 


Foitk)  =  BoWiSm  -  A)/2  =  B0II72, 
f,(f,k)  =  B,i  - h)Tn{S)T,2{  -  A)/2 

=  (31) 

The  mode  structure  was  antiepated  in  an  early  image 
development.”  If  we  write 

2Fo(f,k)-45oCos5,cosA„ 

2fi(f,k)  —  4Bt  sin  5,  sin  A, 

then,  as  discussed  ongmally,”  2F0and  2F,  (twice  the  com¬ 
ponents  of  ^  symmetric  and  antisymmetric  to  reflection  of 
either  k  or  f  in  the  midplane  r  =  0)  arc  the  multiple  scatter¬ 
ing  amplitudes  for  <j>  incident  on  a  single  monopole  at  height 
2  ^d/2  above  rigid  (  +  )  and  free  (  —  )  image  planes,  re¬ 
spectively.  This  followed  by  superposing  doublet  solutions 
for^  =  ^(a)  and  its  image  — a),thewave 

specularly  reflected  from  the  plane  2  =  0.  (We  display  only 
the  key  angles  for  image  pairs.)  Figure  11.4  shows  the  image 
method,  and  the  present  forms  follow  from  ( 1 1.26)  on  drop¬ 
ping  dipole  contributions. 

In  the  forward  direction,  A  =  ^,  and  (31)  reduces  to 
Fo/Bo^  1  -f  C=  Fo.  F^/B^  =  1  -  C=  K„ 
C=cos6,j  =  cos(>’k*b,2)  scosfyeosa).  (32) 
Thus 

=  -  IVlFod  ^-iTo)  -  K/lF.d  4-tT,), 

-  Re  ii^(k,k)  (32a) 

B  -  1+cosfycosg)  ^  1  ^cos(;'cosff) 

"  (i+;)(i  +  rS)’  (1  _;)(!  + rj)  ■ 

(32b) 

The  xcultcring  cross  scclion  follows  directly  from  R  and 
(I9),i.c.,5(k)  =  B(k)<7,x,Vx*. 

Tlie  cross  section  represents  the  net  radiation  for  two 
coupled  oscillatois.  The  maximum  value  aiisesfoi  axial  inci¬ 
dent,  k  =>  z  (a  =  0")j 

Fa  “3.546,  =  1-1467, 

(33) 

Xa  =0.013  77,  5,,=3.53<x„ 


with  y  =  —  0.357.  (The  maximum  value  i.e.,  3.562, 
is  about  0.5%  larger  than  2?^ ;  the  corresponding  values  ofy 
and  X  are  1.1073  and  0.013  78.)  Since  i(a  =  0.679  and 
Z{|52.867,mode-l  dominates;  corresponds  to  a  slightly 
detuned  raode-1  resonance,  and  were  F,  =  0  we  would  ob¬ 
tain  practically  the  same  B  and  x  aty  =  1.15,  for  which 
n  =  Y—  —0.355.  (As  shown  in  the  following,  the  maxi¬ 
mum  of /i|,i.e.  *^IA  “  3,  also  arises  for  k  =  z  but  at  $mall>* 
and  at  frequency  jf,/v  for  which /?o  is  negligible;  isabout 
18%  larger  than  R\/^.)  The  largest  value  of  R  for  both 
modes  in  resonance  (Pq  =j  Ti  =  0)  arises  for  y  =  7r/2  and 
X — Xf\  then  /?  =  —  ^  =  3.363  is  within  6%  of R  f,. 

For  incidence  normal  to  the  doublet  axis,  k*z  =  0 
(a  =  90*),  mode- 1  vanishes  to  yield  to  simplest  case  of  sym¬ 
metrical  excitation.  Then  ~  ,  and 

i?0A  =2.555,  >>0A  =4.4934, 

XoA  =0.013745,  5'=2.553(r„  ^  ’ 
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with  Y-  -n  =  -  0.048  35.  Focy  =  vi/l  and  *  =  x,.  the 
resuU3?o  =  2  54iswithir. (Themaximum/^;^  is 
about  39%  larger  than  ,  for  polygonal  arrays,  the  maxi¬ 
mum  scattering  arises  for  symmetncal  excitation  )  Here  and 
in  the  following,  we  include  sufficient  digits  to  show  a  trend. 

Simple  benchmarks  arc  provided  by  the  infinite  set  of 
values  for  which  both  modes  are  in  resonance;  r„  =  T,  =  0 
corresponds  to  y  =  n  =  0  at 

x=x„  y  =  jr(2/ -b  l)/2sy„ 

J(y,)  =  (~i)'/yr,  /=o,i,2 . 

For  such  cases. 


-  g?  =2?  =  (1  +  0/(1  +j')  +  (1  _  0/(1  -/■), 

C=cos(y,co$a)  (34') 

which  led  to  the  cited  supplementary  values.  For  given  It, 
this  same  form  with  3>  arbitrary  provides  an  upper  bound  for 
all  values  of  «(£)  and  |5i'(k,k)|,  but  the  bound  is  realizable 
onlyforthecondilionsm(34).Thecondilionscxcludcyn:0, 
so  that  /!  <4  for  all  values  o(x,y,  and  k. 

_  The  average  over  orientation,  based  on  C=y  and 
I/.  =  II',  as  discussed  for  (26b),  yields 

3'=  -(l+,To)->-(l+/r,)-', 

-Re5l=:R  =  (I  +  rS)'>  +  (l  +  ri)-'<2 

corresponding  to  Vq  =  v,  =  I.  Ifeithcr  mode  is  in  resonance, 
then  1  </i<2,  and  if  both  ate_in  resonance  then  R  =  2.  For 
y = 0,  andy  increasing,  R  =  5/<r,  increases  from  0(/)  to  I 
aty  —  1,  to2  aty  ^  jr/2,  and  then  oscillates  with  maxima  of 
2  aty  =  y, ,  the  lowest  local  mitiimum  (the  first )  is  Rs:  1 .785 
alya2.6. 

For  small  y  =  ;r/y.  thcF,  of  (31)  reduce  to  collective 
multipoles  as  in  (27)17.  Then  S'  =Fo  +  F,  =i/lo  +  /(,Z? 
with 


^0=3  Aq 


I  +  iTo 


To' 


F,=/1,ZJ=  - 


1+rT, 


z?.  r, 


(36) 

Z?  =  =  cos  dcos  a. 

The  dipole  factor  Z?  has  rotational  symmetry  around  the  z 
axis  (the  axis  of  the  doublet).  The  numerical  factors  o,  and 
K„  used  in  F,  of  (27a)frfollow  by  inspection  of  (36). 

For  the  collective  monopole  resonance  ( To  =  0), 


K 


«’o=- 


2*5 


2a-. 


(37) 


i+y  l+y  (1 +/-)*’ 

^1=^0= -1.  5'o  =  o'(*,/*„)*  =  <r.(l +p).  (37') 
For  the  collective  dipole  resonance  (F,  =  0), 

I  at?  All  ui 

*1  - ,  w,= — ; — ! - - - ‘  ■  (3H) 

l-p  6/(1 -y)  6/(l-y)’’‘  ' 

^s:F,=  — 3cos5cosa, 

^i  =  30. (l-y)cos’ at,  5,  =o.(l-y), 


with  maximum  S,  at  axial  incidence  (a  =  0).  Since  F,  van¬ 
ishes  for  01  or  0  =  ir/2  (in  the  midplane),  we  note  that  the 


background  raonopole  is  determined  by  Fo(x,)  =  —p/x,. 
The  peak  width  w,  is  much  smaller  than  m..  From  Appendix 
A,  we  may  takey-.a/d  at  least  as  large  as  i  (a  gap  of  one 
sphere  diameter)  with  negligible  monopole-dipole  coupling 
corrections  for  Xi,  and  x,. 

Thus  the  collective  oscillators  uncouple  for  small  y,  and 
only  frequencies  in  the  neighborhoods  of  x„  and  x,  yield 
large  magnitudes  5  =  0(o. ).  These  frequeneies  braeket  the 
isolated  monopole  resonance  value  Xo  <x,  <x,.  To  first  or¬ 
der  in  p  the  displacements  from  x.  are  symmetrical; 
X.  — X05;X|— X.  ~yx./2,  with  separation  x,  — Xosyx.. 
More  generally,  the  displacements  are  asymmetrical;  Xo  is 
closer  to  x.,  and  x,  is  farther  from  x..  The  single  scattered 
peak  (2(r.  at  X. )  splits  into  two  multiple  seattered  graks  (i^ 
and  S,,  at  Xd  and  x„  respeetively)  such  that  i'o  •}■  S,  =  2<7. 
satisfies  the  average  oscillator-strength  sum  rule  (28). 

2.  Triangular  array 

For  the  equilateral  triangular  array,  we  work  with 

d=ibVi, 

b,  =  X,  262  =  -  X  -b  yV3,  26,  =  -  X  -  yv-S; 

S,  =  (y//3)k-b,  =  <S,  (it).  A,  =  5,  (f ). 

From  ( 16), 

3Z>,e"‘  =  50(2A)/(5)  +£,(  -A)(r,j{i)  .br„(5)), 

/(5)  =  2e‘'',  (39) 

\ 

where  involves  2A  ( two  neighbors)  and  B,  is  the  same  as 
for  the  doublet.  From  (17),  we  obtain  (29)  mtermsof 

F„(f,£)=V/'/3, 

/'•.(f.k)  ■=  ^iir.jFlj  +  Tt,T[y  -b  FyiTJ,  )/3, 
with  /'  £3  /(  —  A ),  etc.  The  same  /?!  arises  as  before,  because 
a  free  surface  image  plane  through  the  center  of  (say) 
sphcrc-l  and  perpendicular  to  the  axis  (b,,)  of  the  other 
two,  reproduces  essentially  the  same  problem  as  for  the 
doublet:  superposing  array  solutions  for  incident 
(}  — ^2  =^(/J)  _(J(  _yj),  iiie  rarms  cancel  and  the 
multiple  scallering  amplitude  reduces  to 
^  —  ^ t  -=i(|7237’jj.  Arigid  image  plane  leads  tothcsolu- 
lion  tor  a  sphere  off  the  plane  and  a  hemisphere  on  it;  for 
^  +  ^1  indicent,  the  multiple  scattering  amplitude  is 
^  +  i/.  =  2Boiiys  +  B,(r,y  -b  r„)(ru  +  r;,  )/3. 

(The  discussion  of  an  “obslacle/barner"  half-plane  for  Fig. 
5;  12  is  misleading;  the  half-plane  gives  rise  to  a  more  compli¬ 
cated  four-obstacle  problem  than  indicated.) 


In  the  forward  direction, 

Fo/5o=(3  +  2C)/3=F„ 

(41) 

F,/B,  =2(3- 0/3  =y,. 

C=fcosi,„^„=£cos(yhS,„y.„); 

2 

(41a) 

In  terms  of «,  =  sin  a  cos  18  and  ae  =  sin  a  sin/?  of  ( 1'), 
c = 2  COS  a*  j  cos  +  cos  ,  (4  lb) 
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where  only  (r<«<90*,  (f<0<.3O*  need  be  considered.  Thus, 
we  obtain  (32a)  with 

H'„=(l+2;),  r„  =  (r  +  2n)/»<'„; 

r,  =  (r-«)/»n; 

R  3  4-2C  .  2(3 -C) 

"  aJf'od  +  rS)’  ‘  3»n(i  +  r5)' 

The  maximum  value  of  R  arises  for  symmetrical  excita¬ 
tion  it  =  z  (incidence  normal  to  the  plane  of  the  array); 
«=()*,  and  mode-1  vanishes.  Then  R/^  —  -  ^  a  >  ^”3 
Ka=K<.a  =5.305.  Ta  =4.4934, 

Xa  =0.013749,  5a  =5.298ff,a:5.3£r„  ^  ' 

with y  =  —In  —  —  0  0967.  For x  =  x,  and y  =  sr3/2,  the 
value)?  =  5.212  is  within  2%otRf, . 

Fora  =  90*  (incidence  in  theplaneofthea_rray),mode- 
I  dominates.  The  largest  maxima  arise  for  k  =  b„  (e.g., 
p  =  30*),  C= cosy  +  2  cos(y/2): 

)?(b„)  =  3.794,  y»  1.384,  x  =  0,013  75.  5=3.788a„ 

(42a) 

(with  )?o  =  0.8649,  )?,  =  2.929,  and  ys:ni;0.134):  for 
x=x,  itnd  y  =  ir/2,  the  result  3.764  is  within  1%.  The 
smallest  maxima  arise  for  k  =  b,  (e.g.,  p  =  (f), 
C=  1  •h2cos(>V3/2): 

)!(b,)  =3.791,  y=  1.379,  x  =  0.01375,  5=3.785a, 

(42b) 

(with  )?o  =  0.8648,  )?,  =  2.926,  and  ysna  —0.138);  for 
x  =  x,  andy  =  ir/2,  the  result  3.758  is  within  1%.  The  dif¬ 
ferences  between  (42a)  and  (42b)  are  minor.  The  maximum 
value  of  R  for  arbitrary  /9  (and  a  =  90*)  corresponds  to  a 
slightly  detuned  modc-I  resonance;  practically  the  same  val¬ 
ues  of  R  follow  from  I',  =  0,  y  =  n.  The  maximum  5a  for 
a  =  0*isabout40%largerlhanlhemaximaof5  fora  =  90*. 
Both  To  and  F |  vanish  for  the  conditions  in  (34);  then 

-  67  =  j?  =  r.9, ,  (43) 

3(1+2;)  ^3(1-;) 

which  jed  to  the  supplementary  values  in  the  above.  For 
given  k,  this  same  form  with  y  arbitrary  provides  an  upper 
bound  for  R  and  (5^|.  _ 

The  average  over  orientation  based  on  C  =  3y  yields 

-^  =  (l+ir„)->+2(l+ir,)“', 

5  =  (i  +  rJ)-'  +  2(i  +  rJ)“'<;3, 

«)rrespondin£to  Vo  =  1  and  v,  =  2,  If  To  =  0.  then  S  >  1;  tf 
r ,  =  0,  then  S  >  2;  and  if  both  modes  are  in  resonance,  then 
R  =  3  corresjwndjng  to  the  average  of  (43).  For  y = 0,  and 
yinereasing,)?  =5/0^  increasesforO(>4)  to  l.OlSaty  =  t, 
to  3  at  y  =  77/2,  and  then  oscillate^with  maxima  of  3  at 
y =yi:  the  lowest  local  minimum  is  Rx2.52  at ys: 2.87. 

For  small  y = x/p,  corresponding  to  (27)  ff,  we  obtain 
&  =/Io(ro)  +/Ii(r,)Z|  in  terms  off,  of  (36)  and 

r<.=  5(y-2/y). 

(45) 

Zj  =FjF|  cos(p— /?)  =sinOsinacos(^?— /?). 

Tlie  present  dipole  is  planar,  Zj  depends  on  the  angle 
between  the  projections  offandkonthe  plane  of  the  array. 


For  the  collective  monopole  resonance  (  Fq  =  0) , 

,  4  3ttv 

rf  =; - Iff  - - £__ 

l+2p’  (l+2y)"  (46) 

S’=F„=-1,  5„  =  a,(l  +  2y). 

The  dipole  resonance  specified  by  (38),  now  yields 
5,  =  3(7,(l-/»)sm^a. 

5,  =  2a,(i-p). 

The  amplitude  F,  = ,—  3  sin  0  sin  a  cos(p — y?)  vanishes 
for  o  or  ^  =  0  (either  k  or  f  normal  to  the  plane  of  the  array ) 
orforp— ±77/2;  the  background  monopole,  deter¬ 
mined  by  F^fx,)  =  —  p/x,  IS  the  same  as  for  the  doublet. 
The  maximum  of5i  arises  for  incidence  in  the  plane  of  the 
array  (o  =  7r/2),  and  5,  is  twice  that  for  the  doublet. 

To  first  order  in  p,  the  displacement  of  Xo  below  x,  is 
twice  that  of  x,  above  x„  and  the  separation  of  the  corre- 
spondtngpeaks5oand5,  is  50%  larger  than  for  the  doublet, 
i.e.,Xi  -  x„S53x,y/2.  The  single  scattered  peak  (30^  at  x,, ) 
splits  into  two,  such  that  5o  +  5|  =  3a,  satisfies  the  sum  rule 
(28). 

3.  Tetrahedral  array 

We  work  with  ^/  =  6(8/3)''^  5,  =y(3/8)'"k-b, 
=  5,  (it).  A,  =  5(f)  in  terms  of 
b,V3 =x  +  J  +  z,  X  —  y  —  z, 

-x  +  J-  z,  -X-j’  +  z, 
fors=  1, 2, 3, 4,  respectively.  From  (16), 

40, F*-  =  B^Oh)l  +  5,(  -  A)  (F,,  +  T*,,  +  Fu), 


where  B,invo!ves3A  (three  neighbors)  and)!,  isthcsameas 
for  the  doublet.  From  (17)  wc  obtain  (29)  with 

Fo(f.k)  =  wm', 

F,(f,k) =-£1-22'  3’»f:, = £•  r„T\,. 

such  that  =  2ij  +  Co  +  Cm  +  Co  +  Qn  +  Cm- 
The  same  B,  arises  as  before  because  a  free  surface  image 
plane  through  the  centers  of  two  of  the  spheres  and  perpen- 
dieular  to  the  axis  of  the  remaining  two  reproduces  the  same 
problem  considered  originally  for  the  doublet.  (A  rigid  im¬ 
age  plane  leads  to  the  solution  for  a  sphere  olT the  plane  and 
two  hemispheres  on  the  plane. ) 

In  the  forward  direction 

Fo/Bo  =  2(2  +  0/4  =  Vo,  F,/B,  =  2(6  -  0/4  =  F, 

(50) 


C=  2)*  “s  =  X*  “sf/h'ha): 

H_y±i  (A|)I  X±z 

,  ~  V2  ’  UjJ  ‘ 


Combtnmg  the  six  terms  of  C  (corresponding  to  the  six  edges 
of  the  tetrahedron) ,  we  have 
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c/2  =  cos  f,  cos  +  cos  cos  +  cos  ^3  cos 
S,=ya,/\n.  <50b) 


with  a,  as  in  (!');  wc  need  consider  only  0*<a<90*, 
0’<;?<45".  Thus,  we  obtain  (32a)  with 


%  =  (I  +  3;),  ro  =  (y+3«)/»'„; 

W,  =  (.l-j),  r,  =  (y -«)/»',; 

R  R . 

rj)  ’  '  ar.d  +  ri)' 


(50c) 

(50d) 


The  maximum  value  of  R  arises  for  maximally  symmet¬ 
ric  excitation  k  =  b,  perpendicular  to  a  face  of  the  corre¬ 
sponding  tetrahedron,  e.g.,  k  =  b|  (at  ff  =  tan“''v5 
Si54.74*,^=:45*)  peipendicular  to  the  three  edges  of  the 
face  b^j -f- bj^  4*  b^j  =5  0.  For  such  cases, 
C=3  +  3cos(y,^3'), 

«^=2J,^(b,)=5.92.  =4.746, 

=0.013  738,  5a  =5.920,,  '  ' 


with /!o=3.76,  /!,ts2.16,  yaO.021,  and «=:  - 0.007.  (The 
maximum  value  o(\&]  and  corresponding  ar  arc  practically 
lhcsameas/?A  andatA  and  arise  forys  4.747.)  The  result 
/?  =  -  ^^  =  5.918fory  =  a,  andy  =  s-3/2  for  both  modes 
in  resonance  (ro=  T,  =  0)  is  within  0.04%  of  2?  a  and 
If  k  =  b„  is  along  one  edge,  and  therefore  perpen¬ 
dicular  to  the  opposite  edge  (e.g.,  k  =  b,,  perpendicular  to 
bj,),  then  C=  1 +cosy +  4cos(y/2),  and  the  largest 
maxima  arc 


/i(b„)=5.05.  ys5ll.21, 
;ea50.013  735,  SsS-OSa, 


(with  /!o=4,29,  RtaO.16,  yjsO.053,  and  ns -0.019). 
Mode-O  dominates,  and  the  vaiucs  are  practically  the  same 
as  for  the  mode-0  resonance  (yo  -3n  =  0.057)  at  the 
same  value  ofy.  If  both  modes  are  in  resonance  for  a;  =  jc, 
and  y  =  irl/2,  the  result  -£/=/?  =  5.00  is  within  1%. 
For  K  along  a  coordinate  axis,  and  Ihetefore  perpendicular  to 
two  mutually  perpendicular  opposite  edges  (e.g.,  k  =  2  per¬ 
pendicular  to  both  6,3  and  bj,)  we  have  C=  2  +  4  cos(y/ 
v2),  and  the  largest  maxima  are 


/?(z)=4.84,  y=el0.54,  ;c=0.013  75,  5=4,83(7, 

(5!b) 


(svith  2!„=3  73, 2!,=  1  10,  y=  -0.106,  and  n=0.04I7). 
Modc-0  dominates,  and  the  values  are  practically  the  same 
as  for  the  mode-0  resonance  (ys  -3n=  -0,125)  at  the 
same  value  of  y;  for  ar=ar,  and  y  =  n-7/2,  the  value 
^  S/  =  R  —  4.46  is  within  4%. 

Both  r„  and  F ,  vanish  for  the  conditions  in  (34);  then 


-(y(k,k)  =  fi  = 


2-t.C 
2(1  +  3/) 


+ 


6-C 
2(1-/)  ’ 


(52) 


which  was  used  for  the  supplementary  values  in  the  above. 
This  same  form  for  arbitraryy  provides  an  upper  bound  for 
/(and  |^|. 

The  average  over  orientation  based  on  C= 6/ yields 
-SI  =  (l+/r„)-'  +  3(l+,T,)-', 

-ReF  =  «  =  (l  +  r5)"<  +  3(l  +  ri)-'<4 


corresponding  to  Vq  =  1  and  v,  =  3.  If  y  =  —  3«,  then 
ft,  then  R>2;  ajid  i(y  =  n  —  0,  corresponding 
totheaverageof  (52),  then/?  =  4.  Fory  =  Oand^i  increas¬ 
ing,  R  increases  from  Oiy^)  to  about  1.06  at  >>  =  1,  to  4  at 
y = ir/2,  and  then  oscillates  with  maxima  oiA&Ky—yy,  the 
lowest  local  minimum  is  /?2j 3.247  at>'  =  3.13. 

For  small  y  =  x/p,  we  obtain  ^  =  Jo -i-AiZi  in  terms 
of  Pi  of  (36)  and 

r„=l(y-3/y),  Z,  =  Z?  +  Z|  =/>,(f-k)=f.k. 

(54) 

The  monopole  is  the  fourth  of  the  sequence  specified  by 
r„Ar  =  (l/iV)(y-(iV-l)/yl,  iV=  1, 2,3,4  (54') 

that  we  have  considered.  The  present  Z,  represents  a  spheri¬ 
cal  dipole  with  rotational  symmetry  around  the  direction  of 
incidence. 

For  the  eollcctive  monopole  resonance  ( F,,  =  0), 

,  X?  4!!), 

“  l+3y  "  (l  +  3y)*’  (55) 

£f  =  Fo=-l,  5o  =  (7,(1 +3p). 

The  dipole  resonance  specified  by  (38),  now  yields 

^f(f,k)  =  F,(f,k)=  -3f-k,  5,=5,  =  3(7,(i-p). 

(56) 

The  present  5,  cannot  vanish,  so  F|(f,k)  cannot  vanish  for 
allfataparticularvalueofk.  However,  since  F|  vanishes  for 
f  perpendicular  to  k,  the  background  monopole  delcrmiiicd 
by  fof-Ci)  =  -y/Aii  is  still  of  interest)  (54')  shows  that  the 
same  value  of  F(,  arises  for  y  =<  -  l/y  for  all  three  cases 
A^=2,3.and4. 

To  first  order  in  p,  the  displacement  of  Xq  below  x,  is 
three  times  that  ofx,  above  x„  and  the  separation  of  the 
peaks  5oand5, is  twice  that  forthe  doublet, X]  -X(,=  2yx,. 
The  single  scattering  peak  (4(7,  at  x, )  splits  into  two,  such 
lhat5o  +  5|  =  4(7,  satisfies  (28), 

B.  Three  collective  modes 

The  square,  pentagon,  and  octahedron  (/y  =  4, 5,  and  6 
vertices  respectively)  are  the  three  regular  figures  specified 
by  only  two  dilferent  separations  of  the  vertices  b,  =  6b,) 
the  smaller  separation  represents  an  edge  d,  and  the  larger  a 
diagonal  dr.  The  associated  regular  arrays  of  H  monopoles 
involve  only  two  propagators  h^y)  and  Atyry  in  three  sets 
JK.,  and  the  multiple  scattenng  array  amplitudes  consist  of 
three  modes 

S'iiM)  =  FoCr.i.)  +  F,(f.k)  -+Fi(f,k).  (57) 

We  consider  the  square,  octahedral,  and  pentagonal  ar¬ 
rays  successively.  The  first  two  yield  a  common  B,  form  (as 
in  Sec.  HI  A  but  in  terms  of  the  diagonal  propagator),  and 
also  a  common  form  of  Bj. 

1.  Square  array 

We  work  with  d  —  iv2,  dT=dVX  =  b2,  and 
b,  =  X  =  -  bj,  bi  =  y  =  -  £4. 

5,  =  (y/vZ)k-b,=5,(k),  A,  =6,(f). 

From  (16), 
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4Z),e*  =  V  +Bi1T„  +  B,{.T,^  +  T»),  /  =  Xe^ 

(58) 

=  B,  (^,  );  ^0  =  IHy)  +  h{y^). 

,r,= -A()^),  a"2= -2A()')+A()^).  '  ’ 

where  ;So  and  £|  are  full  analogs  of  the  versions  in  Sec.  Ill  A. 
From  (17)  we  obtain  (57)  in  terras  of 

F„  =  (Bo/m',  F,  =  (F./2)  (T.^r J,  +  T»TU ). 

F^=(s^/i)(T,^+T^,)(T\i  +r;j, 

(59) 

with/'  =  /( —  A),etc.TheF,  areexpressedintermsof^, 
and  y,  and  then  in  terms  of  IF,  and  F,  as  in  (24a). 

Equivalently, 

Fo/Bo=  (cos5,  +  cos5j)(cos  A,  +cos  Aj), 

Ff/Bi  —  2(sin  A,  sin  A,  -f  sin  sin  Aj),  (59') 

Fi/Bi  =  (cos  S,  -  cos  5j)  (cos  A,  —  cos  Aj). 
Essentially  as  before,  B,  can  be  isolated  'oy  a  free  surface 
image  plane  containing  the  axis  of  one  diagonal  pair  and 
perpendicular  lotheaxisoftheolhcrjforsuch  cases  there  are 
no  contributions  from  the  remaining  two  modes.  Thus  su¬ 
perposing  array  solutions  for  =(4(/3)  -d( -0) 
yields  4fi|  sin  St  sin  A^  as  the  multiple  scattered  amplitude 
for  6  incident  on  a  single  monopole  at  distance  b  from  a  free 
image  plane  )>v=0  (and  —  as  the  specularly  reflected 
wave).  Similarly  4Fo  (or  4F,)  is  the  multiple  scattering  am¬ 
plitude  for  (5  incident  on  a  single  monopole,  say  at  b,  =  bi, 
on  the  axis  of  a  z-edged  90’-corner  reflector  with  rigid  (or 
free)  sides  alongp(  ±  45')  =  (x  i  j')/v2,  corresponding  to 
two  infinite  rigid  (or  free)  image  planes  intersecting  at  right 
angles  along  thezaxis;  for  either  case,  there  are  no  contribu¬ 
tions  from  the  remaining  modes.  Results  for  the  rigid  ( -f  ) 
and  free  ( —  )  corner  reflectors  are  obtained  by  superposing 
array  solutions  for  (Ji  -F  (Sj  ±  ((8j  -F  (}<)  with  respective  ar- 
gumcnlsequalling,e.g.,/9  •i-v/A,f7+0  ■Fn'/4,  —0  -Ftr/ 
4,  n- — -F  ir/4:  for  either  case,  the  plane  wave  that  emerges 
from  the  comer  has  the  same  sign  as  that  incident.  A  mono- 
pole  on  the  axis  of  a  mixed  corner  reflector,  one  side  rigid  and 
the  other  free,  corresponding  to  superposing  array  solutions 
for  (J|  —  (*2  —  <Sj  -F  (^4,  also  serves  to  isolate  B,;  the  other 
modes  do  not  contribute,  the  multiple  scattering  amplitude 
reduces  to  4F|(sin S,  —  sin d2)(sin  A,  —  sin  A2),  and  the 
plane  wave  emerging  from  the  corner  differs  in  sign  from 
that  incident. 

In  the  forward  direction 

Fo/B„=i2  +  C,  +  C,)/2=Vo. 

Ft/B,  =  2-Ct  =  V„  (60) 

Ft/Bt  =  (2~C,  +  C,)/2=Vj, 

4  , , 

C,  =  2  cos  5,„4.  „  =  X  «)s(>’l<-b,„4.  „ ) 

=  4  COS  ^1  COS 


Cj  =  ^  j,  =  2  cos(;V2k-b,t,,*.2, ) 

=s  cos2  +  cos  2^2. 


with  Sf  =  0'/v2)a,  in  terms  of  the  direction  cosines 
cCf.  (Here  and  in  the  following,  C,  and  C2  involve  near  and 
far  neighbors  respectively.)  For  numerical  computations  of 
the  resultingi?  based  on  (26a)  and  the  present  V„  and<^„, 
we  need  consider  only  0*<a<90*,  0*<p<45*. 

The  maximum  value  of  R  arises  for  normal  incidence 
(a  =  0),  the  case  of  symmetrical  excitation  for  which  mode- 
1  and  mode-2  vanish.  Then  1^1=  —  Re  =  i?o,  and 
=7.7225,  =4.006, 

Xa  =0.013  757,  5a  =7.703ir„ 
with  Ra  about  30%  larger  than  the  maximum  for  the  tetra¬ 
hedral  array  (the  more  regular  of  the  two).  Fork  =  b,  along 
a  diagonal  of  the  square  (incidence  along  the  axis  of  one 
diagona^pair  and  perpendicular  to  the  axis  of  the  other  pair, 
c.g.,  k  =  A),  we  have  C,  =4cos(>'/v5)  and 
=  1  -f  cos(yv2).  Then  the  largest  maxima  are 
R<b,)  =  6.189,  >-=  1.897, 
x  =  0.013  739,  5=6.19ix, 

(with  Ro  =  0.633,  R,  =  1  973,  Rt  =  3.583).  Mode-2  domi- 
nates,  and  mode-0  is  the  weakest,  the  result  is  about  20%  less 
than  Ra  •  The  maxima  are  even  smaller  for  k  =  b„  along  an 
edge  of  the  square  (incidence  along  the  axes  of  two  pairs  of 
near  neighbors  and  perpendicular  to  the  axes  of  the  opposite 
pairs,  e.g.,  kv^  =  x  -f  y);  Q  =  2  -f  cosy,  =  2  cos  y,  and 

R(b„)  =  5.150,  y  =  4.693, 
x  =  0.013  733,  5=  5.1 5517.  ^ 

(with  Ro  =  3. 10(6,  R,  =  2.0456,  Rj  =  0).  Modc-0  domi¬ 
nates,  mode- 1  is  strong,  and  mode-2  vanishes,  the  result  is 
about  33%  less  than/?  A  -ond  about  17%  Ires  than /J(b,). 
_  The  average  over  orientation  based  on  C,  =  4y  (y)  and 
C,  =  2J  (yv2)  yields  the  appropriate  special  case  of  (26c). 
We  now  have 


(i-ff;) 


<4;  v„=l. 


:  2,  v,  =  1. 


If  Fo  =  0or  F,  =  0,  lhcn/?>  1;  if  F,  =0,  then  Rt>2,  The 
present  values  of  v„  times  the  corresponding  of  (58) 
shows  that  Sv,/?’,  =  0  as  in  (28a). 

Forsmally=p/x,  we  obtain  (27)lfm  terms  of 


Zo=\.  Z,  =  Z\=P\P\cos(<p-0), 

Zt  =  Zl  =  {tPlPlms2(pcos20,  ^ 

with,  e.g.,  F  j  =  sin  0  and  F,  =  3  sin’  9.  The  array  ampli¬ 
tude  ^  comprises  a  collective  monopole,  a  planar  dipole, 
and  a  planar  even  quadrupole.  The  resonance  frequencies 
are  given  by  xj  =xj/(l  —pc.), and  the  half-power  widths 
to,  follow  from  (27c)  with^.  =  1/4,3, 60obtained  by  com¬ 
parison  of  (63)  and  (27a).  We  need  consider  only  the  reso- 
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(65) 


nance  values  of  F,  and  and  some  particular  aspects  for 
^.e  array  at  hand.  (We  follow  this  same  procedure  for  subse¬ 
quent  small-y  illustrations.) 

At-  the  resonances  T,  =  0,  we  have 
=  —  (2«  +  1)Z,.  For  the  collective  monopole 
Fo=-l,  Forjtr^Cl -i-pjcol).  (64) 

For  the  collective  dipole, 

F,=  ~3Z\,  5,  =  30.(1 -pc,)sin’a, 

S,  =  2o,(l-pc,) 
whereF,  was  discussed  after  (47),  the  present  background- 
monopole  is  determined  by  Foiari)  =  -  (p/2*,)(l  +  1/ 
'/I).  For  the  colleetive  quadrupole, 

F2=  -5Zi„  ,S2  =  t^<r,(l -pcj)sin'*ocos*2/y, 

5.  =  0,(1  -pcj), 

(66) 

The  mode  F2=  -  (15/4)siii“6siii*ocos2ycos2/?  van¬ 
ishes  for  either  «or(?=0,  or  for  eilher/Sory  equal  to  an  odd 
multiple  of  i//4;  these  values  include  the  cases  k  =  b„  dis¬ 
cussed  for  (61b).  The  background  nioiiopole  is  determined 
t>)f  ro(.Y2)  =  — pAj  (the  same  form  as  in  Sec.  Ill  A}.  The 
maxima  of  St.  i.e.,  (15/4)o,(l -pcj).  arise  for  k  =  b, 
(along  a  di, agonal  of  the  square).  The  peak  Width  lo,  de¬ 
creases  markedly  with  incteasing  n. 

To  first  order  in  p,  the  displacements  of  the  resonance 
frequencies  x,  from  x,  are  given  by 

—  a>,)2/px,  =  —  2.707,0.707,  1.293tthcdis- 

,.l.iccment  of  ao  below  x,  is  more  than  3,8  limes  that  of  a, 
and  more  than  twice  that  of  Xi  above  x,.  Since 
=  fo  + 2ei  +  0*  =  0,  the  sum  2^,  =4(r,  satisfies 

(28). 

Z  Octahedral  array 

For  the  resular  octahedral  array  of  si.x  monopolcs,  we 
supplement  the  set  o,  for  the  square  array  by  two  additional 
elcmciils  bj  =  -  =  z  to  obtain 

6/>(e^'  =  BJ  -t-  -h  -t-  F15  k  7j*), 

(67) 

1 

B^-BotSTJ,  (67") 

where  Bt^  now  involves  propagators  from  five  neighbors,  but 
B,  and  Fj  ate  the  same  as  in  (58'). 

The  corresponding  version  of  (59)  is 
6Fc/Fo  =  //', 

2F,/F,  =  7-„r|,  -}.  -k  T^TU. 
6FJB,^(.T„+r»nTU-i-TU) 

+  (7*,j  +  7'«)(  )'  +  (rj5-kF«)(  )'. 
where,  for  brevity,  (  )'  represents  the  form  on  its  left  with 
argument  —  A  insterd  of  5.  Similarly,  we  generalize  (59‘> 
by 

iFJlBa  =  (eos  F,  -k  cos  Fj  -k  cos  65) 

X  (cos  Ai -k  cos  Aj -k  cos  Aj), 

F,/2F,  =  sin  6,  sin  A,  -k  sin  Aj  sin  Aj  -k  sin  6>  sin  Aj, 


3F2/2B2  =  (cosA,  —  cos52)(cos  A,  —  cos  A2) 

-k(cos6|  — cos6j){  )' 

-k(cosA2-cos65)(  )'.  (68') 

The  discussion  of  (59')  in  terms  of  free  surface  image  planes 
is  fully  applicable.  Thus  F,  is  the  same  as  for  the  square 
because  the  earlier  problem  is  reproduced  by  a  free  surface 
image  plane  through  the  centers  of  four  spheres  ( the  vertices 
of  a  square)  and  perpendicular  to  the  axis  of  the  remaining 
two.  Similarly  B^  is  the  same  as  for  the  square,  because  two 
additional  spheres  on  the  z  edge  of  the  free  corner  reflector 
discussed  for  the  square  have  no  effect. 

In  the  forward'dircctioii 

'F<.''^o=(3-kC,kC2)/3=F„, 

F,/F,  =  3-C2=K,.  (69) 

F2/F2  =  (6  -  C,  +  2C2)/3  =  V,. 
where  C,  consists  0/ 12  terms  m  cos(yk-b„ )  and  C2  of  three 
terms  in  cos(yt2k'b„ ),  corresponding  to  the  edges  and  dia¬ 
gonals  of  the  octahedron  respectively.  Combining  terms,  we 
generalize  (60')  by 

C,/4  =  cos  f,  cos  -k  cos  ^2  cos  -k  cos  f ,  cos  f ,, 


Cl  =  cos  2f,  -k  cos  2^2  +  cos  2f,, 


(69') 


withf,  =  Cy/i'2)n,.  Comparison  of  C,  with  Cof  (50b)  for 
the  tetrahedron  shows  that  C,  =  2C,  the  normalsof  the  octa¬ 
hedron's  four  pairs  of  parallel  faces  equal  the  four  values  of 
b,  for  the  tetrahedron.  As  before,  for  numerical  computa¬ 
tions  of  R  of  (26a)  we  need  consider  only  (TsasOO', 
0'</?q45’. 

The  maximum  value  of  R  arises  for  the  cases  of  highest 
symmetry,  it  =  b,  along  a  diagonal  (i.e.,  incidence  along  the 
axis  of  a  diagonal  pair  and  therefore  normal  to  a  diamcteral 
square  array,  e.g.,  £  -x)!  then  Ciuk  +  Scosly/iA), 
C2  =  2  cos(yv2),  and 


Fa  =9.23,  =4.248,  =0.013  76, 

Fa  =9.197<r,. 


(70) 


Here  Fo  =  6.02,  Ry  =  0.036,  F2  =  3.17;  mode-0  dominates, 
modc-2  is  strong,  and  mode- 1  is  minor.  For  it  =  h  normal  to 
two  parallel  faces  (i.e.,  incitlencc  normal  to  two  parallel 
triangular  arrays,  e.g..  kv'3  =  i -k  y -k '2), 
C,  =  6 -k  6  cosfy,®’?)  =  6 -k  2C2. 

F(n)  =  8.66,  v= 4.649,  x  =  0.013  73, 

F=  8.670. 

(with  F„  =  3.33,  F,  =  5.33,  F;{=0);  mode-1  dominates 
and  mcde-2  vanishes.  For  k  =  b„  normal  to  two  opposite 
edges  (e.g.,  kV2  =  x  +  y),  C,  =  2  -k  2  cosy  -k  8  cosCyA), 
C2  =  1  -k  2  cosy,  and 

F(b.)  =  8.49,  y=  11.4,  x=0.013  73,  F=8.50o, 

(with  Fo  =  7.2857,  F,!s!.!78,  «js0  031);  mode-0  domi¬ 
nates,  and  mode-2  is  minor. 

_  The  average  over  orientation  based  oa  C,  =  12.t  (y), 
C2  =  3/  (yifZ)  yields  the  required  special  cases  of  (26e). 
Now 
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-R  =  X’'»Al-f  ri)<6;  v„=l,  v.  =  3,  Vj  =  2. 

(71) 

If  ro  =  0,  then  ]?>  I;  if  T,  =  0,  lhenfJ>3;  and  if  rj=0, 
then  R>2.  The  present  v„  times  the  corresponding 
show  that  (28a)  is  satisfied. 

For  small  we  obtain  (27)frin  terms  of  F,  and 

Fj  of  (63),  and  different  forms  Fo,  Z,  and  Zj.  Now 


Z,  =  P.(^k),  Zj^Zj  +  Zl.  ZS=P?P?,  (72a) 
with,c.g.,P?  =  1  —  (3/2)sin*  ABecauscofhighersymme- 
try,  the  dipole  is  as  complete  as  for  the  sphere,  but  the  qua- 
drupole  still  lacks  the  odd  terms  Zj  andZ|„  of  (7).  Expli¬ 
citly,  from  Zj,  of  (63'),  we  now  have 

Zj  =  (1  —  jsin’d)(l  —  Jsin*«) 

-F  J  sin’  0  sin’  a  cos  2f)  cos  2/? 

=  (3 cos 20  -F  l)(3cos2a-F  1) 

■F  ]^  ( 1  —  cos  20)  ( 1  —  cos  2a)cos  2^  cos  2fl 

(72b) 


b,  =x,  |5’ j  =  X  cos  2/1  ±  y  sin  2/i, 
fbjl 

j-  ]  =  —  xcos/i±ysin/i. 


Since  2b,  =  0  requires  1  -F  2  cos  2/i  —  2  cos  /r 
=  r*  —  r  —  1  =  0,  it  follows  that 

T  =  2cos/r=  (1 -F\/5)/2s:1.618,  t  — 
r’-Fr“’  =  3,  T-Fr"'  =  >/5. 

From  (16),  with  /  =  2}c“*’, 

5D,c“'  =  V  +  SMT,,  -F  r„)  -  (T-.j  -F  r,5)/r) 


+ B2(HTh  -f  r,,)  -  (r„  -F  r„)/7],  (76) 

S.=BA^.);  ^„  =  2A(y)-F2A(yr), 

■Jr,  =  h(y)/T  -  A(>>r)r, 

-A()')r-FA(>T)/7.  (76') 

From  ( 17),  we  obtain  (57)  in  terms  of 
5F«  =  0<//',  5F.  =  0,(3fjr-A/,/r), 

5Fj  =  Oj(A/,r-A/j/T),  ^  ' 

''7i  =  2)  A/2  =  ^  7’,m J, F,'|,* J,. 


where  the  form  in  terms  of  20  and  2a  delineates  quadrupole 
characteristics.  The  form  Zj  vanishes  ifeither  a  or  Os  sin"' 
y273  and  if  either  /3  or  ^  is  an  odd  mullple  of  jr/'4,  these 
values  include  the  cases  k  »  n  discussed  for  (70'j. 

For  the  monopole  resonance, 

F„=-l.  S'a^a.d-FFlCol).  (73) 

The  dipole  resoonance  specified  by  C|  =  l/v2  as  for  (65) 
now  yields 

Fi«— f*k,  =;5|  =  3a,(l  — /iCj),  (74) 

with  background  monopoledetermined  by  Fo(X|)  =  —  (p/ 
3X|)(2-F  l/t'2).  The  quadrupole  resonance  specified  by 
Cj  =  2  ~  l/vj  as  for  (66)  yields 

F2=  -5Zj, 

Sj  =  j((2  -3sin’a)’-F3sin'<;cos'2/3  la,(l  -/w,). 

Sj  =  2a,(l-/)C2).  (75) 

with  background  monopole  determined  by  F„(Xj)  =  —p/ 
Xi  as  before.  Tlie  maxima  of  S'j(k),  i  e..  5a,  ( 1  —  pcj),  arise 
for  k  =  b,  (along  a  diagonal  of  the  octahedron). 

To  first  order  in  p,  the  displacement  of  the  resonance 
frequencies  are  given  by  (x,  —  x,  )2/px,  es  —  4.707, 0.707, 
1.293;  the  displacement  of  Xg  below  x,  is  more  than  6.6  times 
that  ofx,  and  more  than  3.6  times  that  of X;  above  x,.  Since 
2s'«c«  =  Co  +  3ci  -F  2c2  =  0,  the  sum  Z.S,  =  6a,  satisfies 
(28). 


3.  Pentagonal  array 

In  terms  of/r  =  tr/5  =  36',  we  have  dsblsmft  and 
<fr  =  d2cos/r=62sin2/r.Weworkwilh5,  =  (y’/2sin/r) 
k-b„  where b,  =^((s—  l)2/r)  corresponds  to 


(77a) 

The  sets  Af,  and  A/j  involve  &,  and  the  phases  6,+i  and 
<5,,.  J  of  the  near  and  fiir  ncighlwrs,  respectively.  The  phase 
dilicrenccs  6„  in  the  two  sets  form  matched  pairs  because 
each  edge  is  parallel  to  an  appropriate  diagonal; 

b„  =  b„  =  J.  (77b) 

Thus5„  =>k-b,i.5j,  =>ak-b},  =  t6|j,  etc. 

In  the  forward  direction 

F^Bo  =  (5  -F  2C,  -F  2C2)/5  =  Fo. 

F,/B,  =  2(5  -F  C,/t  -  C2T)/5  =  V„  (78) 

Ft/Bt  =  2(5  -  C,tH  C,/r)/5  =  F,. 

C|=3^cos5,,,.,i,  =  C|(>’), 

C,  =  2cos(s/,  sin/i)cos(7;2  cos/r) 

+  2cos(i/i  sin  2/i)cos(j/i  cos  2/i)  +  cos  i/j, 

V,  =>'«,-  (78') 

The  F„  and,^,  determine  R  of  (26a)  for  numerical  consid¬ 
erations. 

For  normal  incidence  (k  =  z),  C,  =  Cj  =  5andmode- 
I  and  mode-2  vanish.  The  maximum  is  given  by 
-3.439. 

=0.01377.  Sy,^ZAa,.  ^  ^ 
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For  k  =  b,  ( perpendicular  to  an  edge  of  the  pentagon ) ,  e.g , 

k  —  X, 

C,(>')  =  2cos(psin/i)  +2cos(;'sin2«)  +  1, 

Cj  =  C,(>T).  <79a) 

For  it  =  bj,  along  an  edge,  e.g ,  k  =  y, 

C,(y)  =  2cosO’cos/<)  +  2cos(ycos2/t)  d-costy), 

Cj  =  C,(yr).  (79b) 

The  average  over  orientation  based  on  C,  =  5J  (y), 
Cj  =  5J  (yr)  yields  (26c).  Now, 

^=£v,/(I  +  r5)<5i  i',=  l,  v,=  vj  =  2.  (80) 

If  ro  =  0,  thenlR>  1;  if  r,  =  0or  FjsO,  then  R>2.  To 
demonstrate  that  (28a)  is  satisfied,  note  that  the  present  r’, 
times  the  corresponding of  (76')  leads  to 

=2(/i(y)  +/;(yT))(l  -r  +  r”'),  (80') 

which  v,inishes  because  r-r“'  =  1. 

For  small  y=/>A,  we  obtain  (27)  If  in  terms  of 


Zj  =  Zi  »  Z|,  +  2i  =  cos  2(?) -/}). 


The  Z’s  differ  from  those  for  the  square  in  (6)'),  in  that  Zj 
includes  the  odd  as  well  as  the  even  terms  of  Zj.  The  K, 
requited  for  u'.of(27c)ate  given  by  A‘o=  1/5,6.',  =  6/tS, 
and  A',  =  120/r*. 

At  r,  =  0,  we  obtain  (27b).  For  the  monopole 

F„=-l,  fyoxeo.d+Flco!)-  (82) 

For  the  dipole 

3Z|,  5',  =  3<rd>-FCi)si'>’«.  (jjj 

S,  =  2a^U-pc,), 

where  F,  was  discussed  after  (47).  The  background  mono¬ 
pole  is  determined  by  r(i(;Ci)  =  —  (^/.e,)(l/i^  •F2r).  For 
the  quadrupole, 

Fj=-5Z|,  5'j  =  (15/4)<r,(l-FOi)siVa, 

S,  =  20,(1 -pcj), 

where  Fj  vanishes  for  either  «  or  0 = 0.  or  for  — /? equal  to 
an  odd  multi  pole  of  rr/i.  The  background  monopole  is  deter¬ 
mined  by  FoIatj)  =  —  2p/Xi\f5. 

To  first  order  in  p,  we  have  (x„  —x^)2/px,=c, 
X  —  3.236, 0.382, 1,236;  the  displacement  ofaq,  below ar,  is 
more  than  8.47  limes  that  of  a;,  and  more  than  2.6  times  that 
of  atj  above  a:,.  Since  Sv„c.,  =  Co  +  2e,  -f  2^2  =  —  2r  -F  2/ 
-  4A = 0  (as  follows  from  the  listed  relations  for  r),  the 
sum  1S^  —  5<r,  satisfies  (28). 


C.  Four  collective  modes;  hexagonal  array 

Three  different  separations  of  the  vertices  b,  =  6b,  anse 
for  the  regular  hexagon:  d  =  6  (an  edge),  d<j3  (a  short  diag¬ 
onal),  and  </2  (a  diameter).  The  corresponding  array  of 
monopoles  involves  three  propagators  6(y),  A(yi/3),  and 
A(y2).  The  multiple  scattered  array  amplitude  consists  of 
four  collective  orthogonal  modes, 

3'(f,k)=  j;F,(f,k).  (85) 

O 

We  work  with 

b,  =  x=-b2,  2b2  =  x4-y\S=  —  2b}, 

2b,  =  —x  +  y</5=  -2b} 

corresponding  to  the  two  subsets  b,  -f  b,  -F  b, 
=  6,  -i-  b,  -F  b}  =  0,  (such  that  the  odd  terms  represent  the 
same  set  that  arose  for  the  triangle).  Opposite  edges  arc  par¬ 
allel  to  a  diameter,  and  opposite  short  diagonals  pcrpendicu 
lar  to  a  diameter,  c.g„  b,,  =  b},  =  b,  =  x,  and  b,}  =  b,, 
=  y,  etc.  The  phase  factors  cxp(/6,)  =  exp(iyk-b,)  pair  olT 
as  complex  conjugates. 

From  (16), 

60, e"'  =  Fo7<«  +  »i(2F,4  -F  F,,  -  F,,) 

*f*  ^:(Ti2 4-  7*15  4*  Tjj  +  T^t,) 

4*  4*  7j4  4'  7^6)* 

^o«2A(>')+2A(W5)4-A(>'2), 

=  My)  -  lUyfi)  -  My2), 

3!rj=  -My)-Myfi)+hiy2), 
oT,  =  -  2My)  -F  2A(>'\f3)  -  My2). 

From  ( 17),  we  obtain  (85)  in  terms  of 

6f,/o,  =  (F„-fFj})(f;. -ffj,) 

+  (F2,-FF,})(  )'-I-(F,}-FF„)(  )'. 
6F2/b,  =  (f,2-ff,})(f;2-ff;,) 

•F(F„.FF4})(  )'  +  (F2,-FF,})(  )', 

6F/0,  =  (F,2 -F  F„  -F  F,})(Fi,  +  FJ.  +  F!,). 
Equivalently, 

iF^2B„  =  (cos  <S,  -F  cos  iS,  -F  cos  5,) 

X  (cos  A,  -F  cos  Aj  -F  cos  A,), 

3F,/20,  =  (sin  5,  -F  sin  A2)(sin  A,  -F  sin  A,) 

•F  (sinA2-FsinA,)(  )' 

•F  (sin  6, —  sin  A,) (  )', 

3F2/202  =  (cos  A,  -  cos  Ajiicos  A,  —  cos  A,) 

•F (cos A, -cos A,) (  )' 

4- (cos A, -cos A,) (  )'; 

3F/2B,  =  (sin  A,  —  sin  A,  -F  sin  A,) 

X(sin  A, -sin  A2-Fsin  Aj).  (87') 
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( Note  that  the  forms  for  n  =  0  and  2  are  essentially  the  same 
as  in  (68')  for  the  octahedral  array.)  Analogous  to  the  pro¬ 
cedure  for  the  square,  the  present  forms  may  be  interpreted 
by  mrans  of  three  image  planesp(  ±  20‘),p(90‘)  in  terms  of 
z-edged  60*-comer  reflectors. 

In  the  forward  direction,  F^/B,  =  y„  with 
K(,=  (6  +  2C,  -h2Cj+2C,)/6, 

F.  =  (12  +  2C.-2Cj-4Q)/6, 

K2  =  (12-2C,-2C2  +  4Cj)/6,  '  ' 

Kj  =  (6-2C,+2C2-2Cj)/6. 

Here  C,  consists  of  six  cosines  in  5, Cj  of  six  in  5, 2, , 
and  Cj  of  three  in  5,„  ^ }, ,  corresponding  to  the  edges,  short 
diagonals,  and  diameters  of  the  hexagon,  respectively.  The 
6’s  in  Cl  and  C,  are  ±yk-p(fi)  undylk-pip),  respectively, 
with  /I  =  ±  60*  and  0'  for  both  sets;  the  5’s  in  Cj  are 
±  ySk  (/r )  with  /<  =  d:  30*  and  90*.  Combining  terms  we 
have 

C|  “  ^  cos  5,(14  ij 

=  4  cos(»/|/2)cos(i;j>/5/2)  +  2  cos 

Cj  =  ^COS5,(,4  2( 

=  4  cos();,3/2)cos(i/2^/3/2)  -P  2 
C2=>2)cos5,„4  2) 

=>2cos(i),)cos(i72i/5)-Pcos2)7„  (88') 

where  v,  =>0,.  The  K,  and  determme  R  of  (26a). 

For  normal  incidence  (k  •=  i),  C,  t=  C2  =  6  and 
02  =  3,  so  that  F,  =  1^2=  P'j  =  O.TIiemaximumisgivenby 
=9.519,  y(v  =5.551, 

Xa  =0.01373.  5A=9.533<r,. 

For  k  =  b,  (along  a  diameter  and  two  edges,  and  normal  to 
two  short  diagonals),  e.g.,  k  =  x, 

C,  =  4  cosiy/^)  +  2  cosy, 

C2  =  4cos(y3/2)-1.2,  (89a) 

C2  =  2  cosy  -p  cos  2y. 

For  k  =  b,„4  2)  along  a  short  diagonal,  e.g.,  k  =  y, 

C,  =  4cos(yV3/2)  +  2. 

C2  =  4  cosly^/2)  +  2  cos(y,/3),  (89b) 

C2  =  2  cos(y^)  -p  1. 

For  this  case,  F,  vanishes. 

The  average  over  orientation  based  on  C,  =  6;(y), 
^  =  6y•(y^/3),  C,  =  3;(2y)  yields  (26c).  Now 

^  =  2»',(l  +  rJ)-'<6,  (90) 

where  v„  =  1;2,2,I  for  n  =  0, 1,2,3,  resiimtively.  If  Fg  or 
r,  =  0,  then/?..  l,if  r,  or  Fj  =  0, then  R^2.  The  present 
v„  times  the  corresponding  of  (86')  show  that  (28a)  is 
satisfied. 


For  small  y = y/x,  we  obtain  (27 )  If  in  terms  of 

y  \  yJ  2  v3 

»  y''  I’^+yj’  '^“2  V3’ 

2„-l,  Z,  =  Z\,  Zi  =  Zl, 

22  =  25,=  jfeFiFs  cos  3y  cos  iff, 
withc.g,F5  =  1 5  sin’ 0.  The  other  harmonies  are  the  same 
as  in  (81').  The  K„  required  for  w,  of  (27c)  are  given  by 
=  1/6, 1, 20,  and  420. 

At  F,  =  0,  we  obtain  (27b).  For  the  monopole 
Fq—  *— I,  =  rr, (1  4.y|coI).  (92) 

For  the  dipole, 

£,=  -321,  S|  =  3(r,(l-yc,)sin’a, 

2i,  =  2rr,(l-yc,). 

where  F,  was  discussed  after  (47);  the  background  mono* 
pole  is  determined  by  ro=;)(2  +  \^)/6iXi.  For  the  quadru- 
polc, 

Fj=-525,  52  =  V<r,(l -yc2)sin’a, 

52  =  2<r,(l-yC2).  ' 

where  F2  was  discussed  after  (74);  the  background  mono¬ 
pole  is  determined  by  Fg  =  -  y  (3  +  vOl/dx,'  Pof  Ihc  octu- 
pole, 

F2  =  ~  72  5,  =  -  V  sin’  0  sin’  a  cos  3y  cos  iff, 

52  =  V(sin‘«cos’3(8)<7,(l-yc2).  (95) 

52  =  o',(l-yC2), 


where f, vanishet  ifeithernorF  =  0,orifeither/?oryisan 
odd  multiple  of  ir/6;  the  background  monopole  is  deter¬ 
mined  by  Fg  =  —  5p/6xy 

To  first  order  in  y,  we  have  (x. -x,)Vyx, 
=  c.  as  -  3.6547, 0.077350,  1.077  35,  1.3453;  the  displace¬ 
ment  of  Xg  below  X,  is  more  than  47  times  that  of  x„  more 
than  3.39  tims  that  of  x,,  and  more  than  2.7  tmes  that  of  X2 
ateve  X,.  Since  2v,c,  =  Cg  +  2c,  +  20,  -p  c,  =  0,  the  sum 
25'.  =  satisfies  (28). 
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APPENDIX  A:  MONOPOLE-DIPOLE  COUPLING 
COHBECTIONS 

The  low-frequency  results  (36)ff  apply  for y = x/y  <  1/ 
2,  but  as  indicated  after  ( 15).  a  development  based  solely  on 
( 14)  for  monopoles  provides  no  entenon  for  the  largest  per¬ 
missible  value  of  the  packing  factor  y.  To  obtain  a  practical 
bound  for  close  packing,  we  apply  the  earlier  results'  for  a 
doublet  of  different  spheres,  each  consisting  of  a  monopole 
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plusdipole.  Specializing  (I:7S)  to  identical  spheres  specified 
by^oOf  (9)  andC|S5  —  leads  directly  to  more  complete 
results  for  the  resonance  frequencies  Xq  and  ;c,. 

Keeping  only  the  /^-independent  corrections,  replaces  h 
in  the  mode  coefficients  Bq  and  J?,  by  where  the  sub¬ 
scripts  •{-  and  —  represent  different  propagators,  i.e., 

■  _ ^JL_, 

^  i  =A±- — (Al) 
l±a,A; 

Here  h  =  h^iy).  A,  =  —  A and  the  prime  indicates  difTer- 
entiation  with  respect  to  y.  To  lowest  order  m  k,  we  have 
hi^X/if  and  A  |  a;  —  2/i^i  consequently 

=y±i'<^t=I-7T--Pf 
x  * 

Thuswcobtainthercsonanccforms (37) and  (38)  with  ±^p 
replaced  by  ±p^- 

Explicitly,  the  resonance  frequencies  arc  given  by 


For;!  =  0.25  (a  gap  of  one  sphere  diameter),  2J0.246  is 
about  1.6%  smaller,  and  p_is0.254  is  about  1.6%  larger. 
Doth  Xg  and  x,  arc  increased,  the  first  by  .about  0.16%  and 
the  second  by  about  0.27%.  Thus  the  clfects  of  moiopolc- 
dipole  coupling  on  the  resonance  frequencies  is  negligible  at 
p  =  1/4.  To  consider  coupling  elTccts  for  p  closer  to  J,  qua- 
dmpolcs  and  higher-order  multipoles  should  also  be  includ¬ 
ed. 

If  we  retain  only  the  first  correction  to  p  (i.e..  if  we 
discount  dipole-dipole  coupling),  then 


xll  ~  l±p~p^’  d  “  2A 


as  given  originally  by  Strasberg'^  for  the  analogous  problems 
ofa  single  bubble  near  a  rigid  (Xd)  or  free  (jTi)  plane. 


APPENDIX  B:  THE  INDIVIDUAL  COEFFICIENTS  O, 
Numerical  and  graphical  results’  for  an  individual  aux- 
iliarymulliple  scattering  coeflicient  lead  to  incorrect  notions 
of  the  behavior  of  the  observable  multiple  scattering  ampli¬ 
tude  ^  for  the  array.  The  essentials  are  indicated  by  the 
forward  scattered  3?  based  on  (32), 

»=^D,  +  Di  =  Fo  +  F, 

=  ^o(l  +  cos  T) -F 5,(1  —  cos  T),  Ksycosa, 

(Bl) 

and  the  values  of  5,  and  D2  corresponding  to  (30), 


l^j=-^(l+cosrqFismr) 

-F-|!-(l-cosy±;siny).  (B2) 

Thus,  except  for  symmetrical  excitation  (K=0, 
Z>,  =  /)j  =  5o  =  &/2),  the  D,  contain  terms  that  cancel  in 
the  sum  and  considerations  based  on  an  individual  coeffi¬ 
cient  A),  are  misleading. 

The  simple  explicit  forms  for  small  y  delineate  the 
marked  differences  in  the  behavior  o{D,  and  From  the 
series  expansion  of  /  and  «,  we  have  Ba  =  A^2  and 
5,  =  2/(,/y’with.4oand/4iasin  (36), expanding eos  /and 
sin  y,  we  reduce  (B2)  to 

such  that  the  0(y~')  cancel  in  thesum  S'.  In  particular,  for 
a  modc-1  resonance  (F,  =  0,  y=  -  I/y=  —p/x{),  the 
dominant  term  of  D, 


Dy  __  -  >x,/p 

li>j  2(1 -Fix, /p) 


-  -i  ^cos*  a  ±  -SS  cos 


cos« 


(B4) 


wiihx,  i=x,/(l  -p)''*asin  (38),  does  not  appear  in  the 
sum.  Thus  an  individual  |Z>,  |  does  not  indicate  the  correct 
order  of  magnitude  of  the  observable  multiple  scattering  am¬ 
plitude  of  the  array  (S' |. 
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